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❊♠ ♣r✐♠❡✐r♦ ❧✉❣❛r ❛ ❉❡✉s✱ ♣❡❧❛ ❢♦rç❛ ❛ q✉❛❧ ❊❧❡ ♠❡ ❞❡✉ ♦ t❡♠♣♦ ✐♥t❡✐r♦❀

❆♦s ♠❡✉s ♣❛✐s ▼❛r✐❛ ❏♦❡❧♠❛ ▲ú❝✐♦ ❞❛ ❙✐❧✈❛ ❡ ❊❞❣❛r ▼♦r❡✐r❛ ❞❛ ❙✐❧✈❛✱ ❡ ❛ ♠✐♥❤❛ ✐r♠ã

▼ár❝✐❛ ❚❤❛②s❛ ▲ú❝✐♦ ❞❛ ❙✐❧✈❛✱ ♣♦r t♦❞❛ ❛ ❡s♣❡r❛♥ç❛ ❞❡♣♦s✐t❛❞❛ ❡♠ ♠✐♠✱ ❞✉r❛♥t❡ t♦❞❛ ❛

♠✐♥❤❛ ✈✐❞❛✱ ♣♦r s❡r❡♠ ♦s ✸ ❣r❛♥❞❡s ♠♦t✐✈♦s ❞❡ t♦❞♦ ♦ ♠❡✉ ❡s❢♦rç♦ ❡ ❞❡❞✐❝❛çã♦❀

➚s ♠✐♥❤❛s t✐❛s ❊❧✐t❛✱ ❉❛❧✈❛✱ ❍❡❧❡♥❛✱ ❏♦❛♥❛✱ ❏♦❝✐❧❞❛✱ ❏♦s❡♥✐❧❞❛✱ ❏♦s✐❛♥❡✱ ▲✉③✐❛ ❡ ▼❛r✐❛✱ ❡

❛♦s ♠❡✉s t✐♦s ❊❧✐❛s✱ ❊r✐✈❛❧❞♦✱ ❋r❛♥❝✐s❝♦✱ ❍❡❧❡♥♦✱ ❏♦sé ▼♦r❡✐r❛✱ ❏♦s✉é ❡ ❙✐❧✈♦ ♣♦r ❛❝r❡❞✐t❛r❡♠

❡♠ ♠✐♠❀

❆♦ ♣r♦❢❡ss♦r ❉r✳ ❋r❛♥❝✐s❝♦ ❙✐❜ér✐♦✱ ♣❡❧❛s ♦r✐❡♥t❛çõ❡s ✐♠♣♦rt❛♥tíss✐♠❛s ❡ ♣❡❧❛ ❡s❝♦❧❤❛

❞❡st❡ ❜❡❧♦ t❡♠❛ q✉❡ t✐✈❡ ♦ ♣r✐✈✐❧é❣✐♦ ❞❡ ❡st✉❞❛r❀

❆♦ ♣r♦❢❡ss♦r ▼❡✳ ❱✐❧♠❛r ❱❛③ ❞❛ ❙✐❧✈❛✱ ♣♦r t❡r ♠❡ ✐♥❝❡♥t✐✈❛❞♦ ❛ s❡❣✉✐r ♣❡❧♦s ❝❛♠✐♥❤♦s

❞❛ ♠❛t❡♠át✐❝❛ ❞❡s❞❡ ❝❡❞♦✱ ♣❡❧❛s ❝♦rr❡çõ❡s ✐♠♣♦rt❛♥tíss✐♠❛s ♥❡ss❡ t❡①t♦ ❡ ♣❡❧♦s ✈❛❧✐♦s♦s

❝♦♥s❡❧❤♦s❀

➚ ♠✐♥❤❛ ❛♠✐❣❛✱ ♣r♦❢❡ss♦r❛ ❡ ♠❡♥t♦r❛ ▼❡✳ ❙②❛♥❛ ▼♦♥t❡✐r♦✱ ♣♦r s❡♠♣r❡ ❡st❛r ❞♦ ♠❡✉

❧❛❞♦ ♠❡ ❞❛♥❞♦ ❢♦rç❛s ♣r❛ ❝♦♥s❡❣✉✐r ❝♦♥t✐♥✉❛r✱ ♣♦r s❡r ❛ ♣❡ss♦❛ q✉❡ ♠❛✐s ♠❡ ❛♣♦✐♦✉ ❞✉r❛♥t❡

t♦❞♦ ♦ ♠❡✉ ♣❡r❝✉rs♦✱ ♣❡❧♦s ✈❛❧✐♦s♦s ❝♦♥s❡❧❤♦s ❡ ❡①❡♠♣❧♦s ❞❡ ✈✐❞❛✱ ♣♦r ♠❡ ❛❥✉❞❛r s❡♠♣r❡ q✉❡

♥❡❝❡ss✐t♦ ❡ ♣♦r t✉❞♦ q✉❡ ♠❡ ♣r♦♣♦r❝✐♦♥❛ ❛té ❤♦❥❡❀

➚ ♣r♦❢❡ss♦r❛ ❘♦③❛♥❛ ❇❛♥❞❡✐r❛ ❡ ♦ ♣r♦❢❡ss♦r ❉r✳ ▼❛r❝❡❧♦ ❱✐❡✐r❛ ♣♦r s❡r❡♠ ✈❛❧✐♦s♦s ❛♠✐❣♦s✱

♣♦r ♠❡ ❞❛r❡♠ ❛♣♦✐♦ ❞✉r❛♥t❡ t♦❞♦ ♦ ❝✉rs♦✳

❆♦s ♠❡✉s ❛♠✐❣♦s ❆❧✐♥❡ ▼❛rq✉❡s✱ ❆♥❛ ❚❡r❡③❛✱ ❆♥♥✐❡❧❧② ❙❛②♦♥❛r❛✱ ❇r✉♥♦ ❉❛②✈✐❞✱ ❈❧❛✉✲

❞✐♥❡✐❞❡ ●♦♠❡s✱ ❉❛♥✐❡❧ ❋❛r✐❛s✱ ❊❧❧❡♥ Pr✐s❝②❧❧❛✱ ❊♥❞❡rs♦♥ ◆♦❜r❡✱ ▲í✈✐❛ P❡❞r♦✱ ▲✉③✐❛ ❱❛❧❡s❝❛✱

P❡❞r♦ ◆❡t♦✱ ❨❛♥ ▲✐♥❤❛r❡s✱ ❡♥tr❡ ♦✉tr♦s✱ ♣♦r s❡r❡♠ ♦s ♠❡❧❤♦r❡s ❛♠✐❣♦s q✉❡ ❡✉ s❡♠♣r❡ ❞❡s❡❥❡✐

t❡r✱ ♣♦r ❡st❛r❡♠ ❞♦ ♠❡✉ ❧❛❞♦ ♠❡ ❛♣♦✐❛♥❞♦✱ ♥ã♦ ♠❡ ❞❡✐①❛♥❞♦ ❞❡s✐st✐r ❥❛♠❛✐s❀

➚ ♣r♦❢❡ss♦r❛ ▼❛✳ ❚❛t✐❛♥❛ ❘♦❝❤❛ ♣♦r s❡r ✉♠ ❣r❛♥❞❡ ❡①❡♠♣❧♦ ❞❡ ✈✐❞❛ ❡ ❞❡❞✐❝❛çã♦✱ ❡ ♣♦r

t❡r s✐❞♦ ✉♠❛ ❡①❝❡❧❡♥t❡ ♣r♦❢❡ss♦r❛ ❡ ❛♠✐❣❛✱ ♥♦ ♣♦✉❝♦ t❡♠♣♦ ❡♠ q✉❡ ❡st✐✈❡♠♦s ♣ró①✐♠♦s✳

❆♦s Pr♦❢❡ss♦r❡s ❏❛♥✐♥❡ ❉❛♥t❛s✱ ▲✐❞✐❛♥❡ ❈❛♠♣❡❧♦ ❡ ❲✐❧❦❡r ▲✐♠❛ ♣❡❧❛s ✈❛❧✐♦s❛s ❛✉❧❛s q✉❡

❢♦r❛♠ ♠✐♥✐str❛❞❛s ❞✉r❛♥t❡ ❛ ❣r❛❞✉❛çã♦❀

P♦r ✜♠✱ ❛ t♦❞♦s q✉❡ ♠❡ ❞❡s❡❥❛r❛♠ s♦rt❡ ❡ ❜♦❛s ❡♥❡r❣✐❛s ❛♦ ✜♠ ❞❡ss❛ ❝❛♠✐♥❤❛❞❛✱ ❡ q✉❡

♠❡ ❝♦♥tr✐❜✉ír❛♠ ❞❡ ❛❧❣✉♠❛ ❢♦r♠❛ ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ss❛ ♠♦♥♦❣r❛✜❛ ❡ ❞❛ ♠✐♥❤❛

❣r❛❞✉❛çã♦✳
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✏■❢ ②♦✉ ❢♦r❣❡t t❤❡ ✇❛② t♦ ❣♦

❆♥❞ ❧♦s❡ ✇❤❡r❡ ②♦✉ ❝❛♠❡ ❢r♦♠

■❢ ♥♦ ♦♥❡ ✐s st❛♥❞✐♥❣ ❜❛s✐❞❡ ②♦✉

❇❡ st✐❧❧ ❛♥❞ ❦♥♦✇ ■ ❛♠✑

❚r❡❝❤♦ ❞❡ ✏❇❡ ❙t✐❧❧✑✱ ❚❤❡ ❋r❛②✳
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❖ ❡st✉❞♦ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦s ♥ú♠❡r♦s ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s é ♦ ♦❜❥❡t✐✈♦ ❝❡♥tr❛❧ ❞❛ ❚❡♦r✐❛ ❞♦s
◆ú♠❡r♦s✳ ❙ã♦ três ♦s ♣r✐♥❝✐♣❛✐s r❛♠♦s ❡♠ q✉❡ ❡❧❛ s❡ ❞✐✈✐❞❡✿ ❚❡♦r✐❛ ❊❧❡♠❡♥t❛r✱ ❚❡♦r✐❛ ❆♥❛✲
❧ít✐❝❛ ❡ ❚❡♦r✐❛ ❆❧❣é❜r✐❝❛✳ ❉❡♥tr♦ ❞❛ ❚❡♦r✐❛ ❊❧❡♠❡♥t❛r✱ t♦♠❛♠♦s ❝♦♥❤❡❝✐♠❡♥t♦ ❞♦s ♥ú♠❡r♦s
♣r✐♠♦s✱ ♦✉ s❡❥❛✱ ❛q✉❡❧❡s ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s ♠❛✐♦r❡s ❞♦ q✉❡ ✶ ❝✉❥♦s ú♥✐❝♦s ❞✐✈✐s♦r❡s ♣♦s✐t✐✈♦s
sã♦ ❛♣❡♥❛s ✶ ❡ ❡❧❡s ♠❡s♠♦s✳ ❯♠ ❞♦s ♣r✐♠❡✐r♦s ❡ ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ❡♥✈♦❧✈❡♥❞♦ ♥ú♠❡r♦s
♣r✐♠♦s é ❛ ❢❛♠♦s❛ ✐♥✜♥✐t✉❞❡ ❞♦s ♣r✐♠♦s✳ ◆❡ss❛ ❞✐r❡çã♦✱ ♦ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ❞♦ ♥♦ss♦ tr❛✲
❜❛❧❤♦ é ❡①✐❜✐r ❞❡③ ❞✐❢❡r❡♥t❡s ❞❡♠♦♥str❛çõ❡s ❞❡ss❡ ❜❡❧íss✐♠♦ r❡s✉❧t❛❞♦✳ ◆♦s ❝♦♥✈❡♥❝❡♠♦s ❞❡
q✉❡ ❡ss❛ q✉❛♥t✐❞❛❞❡ r❛③♦á✈❡❧ ❞❡ ❞❡♠♦♥str❛çõ❡s ❞❛ ✐♥✜♥✐t✉❞❡ ❞♦s ♣r✐♠♦s✱ ❛❧é♠ ❞❡ s❡r ❛❧❣♦
❜❛st❛♥t❡ ❝✉r✐♦s♦ ✈✐st♦ q✉❡ é ♠✉✐t♦ ♣♦✉❝♦ ❡①♣❧♦r❛❞♦ ♥♦s ❝✉rs♦s r❡❣✉❧❛r❡s ❞❡ ❣r❛❞✉❛çã♦✱ ♣♦❞❡
♣♦ss✐❜✐❧✐t❛r ♦ ✐♥t❡r❡ss❡ ♥♦ ❡st✉❞♦ ❞❡st❛ ár❡❛✱ ❚❡♦r✐❛ ❞♦s ◆ú♠❡r♦s✱ q✉❡ ✉❧t✐♠❛♠❡♥t❡ ✈❡♠ ❝r❡s✲
❝❡♥❞♦ ❞❡ ♠❛♥❡✐r❛ ❡①♣♦♥❡♥❝✐❛❧ ❝♦♥❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦s ❛✈❛♥ç♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❡ t❡❝♥♦❧ó❣✐❝♦s
❡♠ ❣❡r❛❧✳

P❛❧❛✈r❛s ❈❤❛✈❡✿ ❚❡♦r✐❛ ❞♦s ◆ú♠❡r♦s❀ ✐♥✜♥✐t✉❞❡❀ ❞❡♠♦♥str❛çõ❡s❀ ♣r✐♠♦s✳



✼

❆❇❙❚❘❆❈❚

❚❤❡ st✉❞② ♦❢ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs ✐s t❤❡ ❝❡♥tr❛❧ ❣♦❛❧ ♦❢ ◆✉♠❜❡r ❚❤❡♦r②✳ ❚❤❡r❡
❛r❡ t❤r❡❡ ♠❛✐♥ ❜r❛♥❝❤❡s ✐♥ ✐t ✇❤✐❝❤ ✐s ❞✐✈✐❞❡❞✿ ❊❧❡♠❡♥t❛r② ❚❤❡♦r②✱ ❆♥❛❧②t✐❝❛❧ ❚❤❡♦r② ❛♥❞
❆❧❣❡❜r❛✐❝ ❚❤❡♦r②✳ ❲✐t❤✐♥ t❤❡ ❡❧❡♠❡♥t❛r② t❤❡♦r② ✇❡ ❦♥♦✇ t❤❡ ♣r✐♠❡ ♥✉♠❜❡rs✱ t❤❛t ✐s✱ t❤♦s❡
♣♦s✐t✐✈❡ ✐♥t❡❣❡rs ❜✐❣❣❡r t❤❛♥ ✶ ✇❤♦s❡ ♦♥❧② ♣♦s✐t✐✈❡ ❞✐✈✐s♦rs ❛r❡ ♦♥❧② ✶ ❛♥❞ t❤❡♠s❡❧✈❡s✳ ❖♥❡
♦❢ t❤❡ ✜rst ❛♥❞ ♠❛✐♥ r❡s✉❧ts ✐♥✈♦❧✈✐♥❣ ♣r✐♠❡ ♥✉♠❜❡rs ✐s t❤❡ ❢❛♠♦✉s ✐♥✜♥✐t② ♦❢ ♣r✐♠❡s✳ ■♥
t❤✐s ❞✐r❡❝t✐♦♥✱ t❤❡ ♠❛✐♥ ♦❜❥❡❝t✐✈❡ ♦❢ ♦✉r ✇♦r❦ ✐s t♦ s❤♦✇ t❡♥ ❞✐✛❡r❡♥t ♣r♦♦❢s ♦❢ t❤✐s ❜❡❛✉t✐❢✉❧
r❡s✉❧t✳ ❲❡ ❛r❡ ❝♦♥✈✐♥❝❡❞ t❤❛t t❤✐s r❡❛s♦♥❛❜❧❡ ❛♠♦✉♥t ♦❢ ♣r♦♦❢s ❢r♦♠ ✐♥✜♥✐t② ♦❢ ♣r✐♠❡s✱ ❜❡s✐❞❡
❜❡✐♥❣ s♦♠❡t❤✐♥❣ r❛t❤❡r ❝✉r✐♦✉s✱ s✐♥❝❡ ✐t ✐s ❧✐tt❧❡ ❡①♣❧♦r❡❞ ✐♥ r❡❣✉❧❛r ✉♥❞❡r❣r❛❞✉❛t❡ ❝♦✉rs❡s✱
♠❛② ♣❡r♠✐t ✐♥t❡r❡st ✐♥ t❤❡ st✉❞② ♦❢ t❤✐s ❛r❡❛✱ ◆✉♠❜❡r ❚❤❡♦r②✱ ✇❤✐❝❤ ❤❛s ❧❛t❡❧② ❣r♦✇✐♥❣
❡①♣♦♥❡♥t✐❛❧❧② ✐♥ ❝♦♥❥✉♥❝t✐♦♥ ✇✐t❤ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛♥❞ t❡❝❤♥♦❧♦❣✐❝❛❧ ❛❞✈❛♥❝❡s ✐♥ ❣❡♥❡r❛❧✳

❑❡②✇♦r❞s✿ ◆✉♠❜❡r ❚❤❡♦r②❀ ✐♥✜♥✐t②❀ ♣r♦♦❢s❀ ♣r✐♠❡s✳
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■♥tr♦❞✉çã♦

❖ ❡st✉❞♦ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦s ♥ú♠❡r♦s ✐♥t❡✐r♦s é ♦ t❡♠❛ ❝❡♥tr❛❧ ❞❛ ❚❡♦r✐❛ ❞♦s ◆ú♠❡r♦s✳

❊❧❛ s❡ ❞✐✈✐❞❡ ❡♠ três ♣r✐♥❝✐♣❛✐s r❛♠♦s✿ ❆ ❚❡♦r✐❛ ❆♥❛❧ít✐❝❛✱ ❛ ❚❡♦r✐❛ ❊❧❡♠❡♥t❛r ❡ ❛ ❚❡♦r✐❛

❆❧❣é❜r✐❝❛✳

❯♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ é ❞✐t♦ s❡r ✉♠ ♣r✐♠♦ s❡ ❡❧❡ ❢♦r ❞✐✈✐sí✈❡❧ ❛♣❡♥❛s ♣♦r ✶ ❡ ♣♦r

❡❧❡ ♠❡s♠♦✳ ❊ss❛ s✐♠♣❧❡s ❛✜r♠❛çã♦ ❞❡✜♥❡ ✉♠ ❞♦s ♠❛✐s ❡ss❡♥❝✐❛✐s ❡ ✐♠♣♦rt❛♥t❡s ♥ú♠❡r♦s

❞❛ ♠❛t❡♠át✐❝❛✳ ❉❡♥tr❡ ♦s r❛♠♦s ❞❛ ❚❡♦r✐❛ ❞♦s ◆ú♠❡r♦s✱ ♦ q✉❡ ♥♦s ♠♦str❛ ♦s ❝♦♥❝❡✐t♦s ❞❡

♥ú♠❡r♦s ♣r✐♠♦s é ❛ ❚❡♦r✐❛ ❊❧❡♠❡♥t❛r✱ ❡ ✉♠❛ ❞❛s ♣r✐♠❡✐r❛s ❝♦✐s❛s q✉❡ ♥♦s é ♠♦str❛❞❛ é q✉❡

❡①✐st❡♠ ✐♥✜♥✐t♦s ♥ú♠❡r♦s ❞❡ss❡ t✐♣♦✳

❉✉ ❙❛✉t♦② ❛✜r♠❛ q✉❡ ✏❖s ♣r✐♠♦s sã♦ ❛s ♣ér♦❧❛s q✉❡ ❛❞♦r♥❛♠ ❛ ✈❛st✐❞ã♦ ✐♥✜♥✐t❛ ❞♦

✉♥✐✈❡rs♦ ❞❡ ♥ú♠❡r♦s q✉❡ ♦s ♠❛t❡♠át✐❝♦s ❡①♣❧♦r❛♠ ❛♦ ❧♦♥❣♦ ❞♦s sé❝✉❧♦s✑ ✭❉❯ ❙❆❯❚❖❨✱

▼❛r❝✉s✳ ✷✵✵✹✮✳ ❖s ♥ú♠❡r♦s ♣r✐♠♦s sã♦ ✉♠❛ ❞❛s ♣❡❞r❛s ❢✉♥❞❛♠❡♥t❛✐s ❞❛ ♠❛t❡♠át✐❝❛✳ ➱

❛tr❛✈és ❞❡❧❡s q✉❡ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r t♦❞♦s ♦s ♦✉tr♦s✳ ❙❛✉t♦② ❛✐♥❞❛ ❛✜r♠❛ q✉❡✱ ♠❡s♠♦ q✉❡

♥ã♦ ❝♦♥❤❡❝êss❡♠♦s ♦s ♣r✐♠♦s✱ ♠❡s♠♦ q✉❡ ♥♦ss❛ ❝❛♣❛❝✐❞❛❞❡ ❞❡ r❛❝✐♦❝í♥✐♦ ♥ã♦ ❢♦ss❡ s✉✜❝✐❡♥t❡

♣❛r❛ t❛♥t♦✱ ❛✐♥❞❛ ❡①✐st✐r✐❛♠ ♥ú♠❡r♦s ♣r✐♠♦s✱ ♣♦✐s ❛ ♥❛t✉r❡③❛ ♦s ❡s❝♦❧❤❡✉✳

❖ ♦❜❥❡t✐✈♦ ❞❡ss❡ tr❛❜❛❧❤♦ é ❡①✐❜✐r ❞❡③ ❞❡♠♦♥str❛çõ❡s ♣❛r❛ ❛ ✐♥✜♥✐t✉❞❡ ❞♦s ♥ú♠❡r♦s ♣r✐✲

♠♦s✱ ❢❛③❡♥❞♦ ✉♠❛ ❝♦♥❡①ã♦ ❞❡ss❡ r❡s✉❧t❛❞♦ ❝♦♠ ❛ ❆♥á❧✐s❡✱ ❛ ➪❧❣❡❜r❛✱ ❛ ❈♦♥t❛❣❡♠ ❡ ❛ ❚♦♣♦✲

❧♦❣✐❛✳

◆♦ ❈❛♣ít✉❧♦ ✶✱ ❡♥✉♥❝✐❛♠♦s ❡ ❞❡♠♦♥str❛♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ♣r❡❧✐♠✐♥❛r❡s✱ ♦s q✉❛✐s

s❡rã♦ ✐♠♣♦rt❛♥t❡s ♣❛r❛ ❝♦♠♣r❡❡♥sã♦ ❞❛s ❞❡♠♦♥str❛çõ❡s ❞❛ ✐♥✜♥✐t✉❞❡ ❞♦s ♣r✐♠♦s✳ ❊❧❡ é

❞✐✈✐❞✐❞♦ ❡♠ três s❡çõ❡s✿ ❛ ♣r✐♠❡✐r❛ é ❞❡❞✐❝❛❞❛ ❛♦s r❡s✉❧t❛❞♦s ❞❛ ❚❡♦r✐❛ ❞♦s ◆ú♠❡r♦s❀ ♥❛

s❡❣✉♥❞❛ ❢❛③❡♠♦s ✉♠❛ ✐♥tr♦❞✉çã♦ à ❚❡♦r✐❛ ❞❡ ●r✉♣♦s ❡ ♥❛ t❡r❝❡✐r❛ ❞❡✜♥✐♠♦s ❛❧❣✉♥s ❝♦♥❝❡✐t♦s

❜ás✐❝♦s ❞❡ ❚♦♣♦❧♦❣✐❛ ●❡r❛❧✳

❖ ❈❛♣ít✉❧♦ ✷ é ❞❡❞✐❝❛❞♦ às ✶✵ ❞❡♠♦♥str❛çõ❡s ❞♦s ♥ú♠❡r♦s ♣r✐♠♦s✳ ◆❛s três ♣r✐♠❡✐r❛s✱

❞❡✈✐❞❛s ❛ ❊✉❝❧✐❞❡s✱ ▼❡tr♦❞ ❡ ❑✉♠♠❡r✱ ❢❛③❡♠♦s ✉s♦ ❛♣❡♥❛s ❞❛ ❚❡♦r✐❛ ❊❧❡♠❡♥t❛r ❞♦s ◆ú♠❡r♦s✳

✶✵



✶✶

❆ ♣r✐♠❡✐r❛ ❞❡♠♦♥str❛çã♦✱ ❞❡✈✐❞❛ ❛ ❊✉❝❧✐❞❡s ❞❡ ❆❧❡①❛♥❞r✐❛ ✭❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✸✵✵ ❛✳❈✳✮✱ é ❛

♠❛✐s ❝♦♥❤❡❝✐❞❛✱ s✐♠♣❧❡s ❡ ❡❧❡❣❛♥t❡ ♣r♦✈❛ ❞❡ss❡ ❢❛t♦✱ ❛ q✉❛❧ ✉t✐❧✐③❛ ❛ ❢❛♠♦s❛ té❝♥✐❝❛ ❞❡ r❡❞✉çã♦

❛♦ ❛❜s✉r❞♦✱ tã♦ ❝♦♠✉♠ ♥❛s ❞❡♠♦♥str❛çõ❡s ❞❡ ❞✐✈❡rs♦s r❡s✉❧t❛❞♦s ❡♠ ❚❡♦r✐❛ ❞♦s ◆ú♠❡r♦s✳

❆ s❡❣✉♥❞❛ ❡ ❛ t❡r❝❡✐r❛ sã♦ ❞❡♠♦♥str❛çõ❡s s❡♠❡❧❤❛♥t❡s ❛ ❞❡ ❊✉❝❧✐❞❡s✱ ❡ ✉t✐❧✐③❛♠ ❛s ♠❡s♠❛s

❢❡rr❛♠❡♥t❛s✱ ♣♦ré♠ ❞❡ ❢♦r♠❛s ❞✐❢❡r❡♥t❡s✳ ◆❛ q✉❛rt❛ ❞❡♠♦♥str❛çã♦✱ ❞❡✈✐❞❛ ❛ ❚❤✉❡✱ ✉s❛♠♦s

❞❡ ❢♦r♠❛ ✉♠ ♣♦✉❝♦ ♠❛✐s té❝♥✐❝❛✱ ♦ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❆r✐t♠ét✐❝❛ ❡ ♣r♦♣r✐❡❞❛❞❡s

❞♦s ❧♦❣❛r✐t♠♦s ❡ ❢✉♥çõ❡s✳ ◆❛ q✉✐♥t❛ ❞❡♠♦♥str❛çã♦✱ ❞❡✈✐❞❛ ❛ ●♦❧❞❜❛❝❤✱ sã♦ ✐♥tr♦❞✉③✐❞♦s ♦s

♥ú♠❡r♦s ❞❡ ❋❡r♠❛t✱ ♦s q✉❛✐s ♠♦str❛r❡♠♦s s❡r❡♠ r❡❧❛t✐✈❛♠❡♥t❡ ♣r✐♠♦s✱ ❛❝❛rr❡t❛♥❞♦ ❛ss✐♠

❛ ✐♥✜♥✐t✉❞❡ ❞♦s ♣r✐♠♦s✳ ◆❛ s❡①t❛ ❞❡♠♦♥str❛çã♦✱ ❞❡✈✐❞❛ ❛ ▲❛❣r❛♥❣❡✱ ❢❛③❡♠♦s ✉s♦ ❞♦s tã♦

♣r♦❝✉r❛❞♦s ♣r✐♠♦s ❞❡ ▼❡rs❡♥♥❡ ❝♦♥❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦ ❚❡♦r❡♠❛ ❞❡ ▲❛❣r❛♥❣❡✱ ♦ q✉❛❧ ❞✐③ q✉❡

s❡ G é ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❡ H é ✉♠ s✉❜❣r✉♣♦ ❞❡ G✱ ❡♥tã♦ ❛ ♦r❞❡♠ ❞❡ H ❞✐✈✐❞❡ ❛ ♦r❞❡♠ ❞❡ G✳ ◆❛

sét✐♠❛ ❞❡♠♦♥str❛çã♦✱ ♥ã♦ ❛♣❡♥❛s ♠♦str❛♠♦s ♥♦ss♦ r❡s✉❧t❛❞♦✱ ♠❛s t❛♠❜é♠ ♦✉tr♦ ❞❡ ❣r❛♥❞❡

✐♠♣♦rtâ♥❝✐❛✱ q✉❡ é ❛ ❞✐✈❡r❣ê♥❝✐❛ ❞❛ sér✐❡ ❞♦s r❡❝í♣r♦❝♦s ❞♦s ♣r✐♠♦s✱ ❡st✉❞❛❞❛ ♣♦r ❊✉❧❡r ❡

♠❛✐s t❛r❞❡ ♣♦r ❈❧❛r❦s♦♥✱ ❡ ❝✉❥❛ ♣r♦✈❛ é ❞❡✈✐❞❛ ❛ ❊r❞ös❀ ❆ ♦✐t❛✈❛ ❞❡♠♦♥str❛çã♦✱ ❞❡✈✐❞❛ ❛

❊✉❧❡r✱ é ✉♠ t❛♥t♦ té❝♥✐❝❛✳ ❉❡✜♥✐♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ ♦ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣♦r t♦❞♦s ♦s ♣r✐♠♦s

♠❡♥♦r❡s ♦✉ ✐❣✉❛✐s ❛ ✉♠ ♥ú♠❡r♦ r❡❛❧ ❞❛❞♦ ❡ ❝♦♠♣❛r❛♠♦s ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞❡ss❡ ❝♦♥❥✉♥t♦ ❝♦♠

♦ ❧♦❣❛r✐t♠♦ ❞❡ss❡ ♥ú♠❡r♦ r❡❛❧ ❞❡✜♥✐❞♦ ❞❛ s✉❛ ♠❡❧❤♦r ❢♦r♠❛✱ ✐st♦ é✱ ♣♦r ✉♠❛ ✐♥t❡❣r❛❧✳ ❆ ♥♦♥❛

❞❡♠♦♥str❛çã♦ ❞❡✈✐❞❛ ❛ P✐♥❛s❝♦✱ ❢❛③ ✉s♦ ❞♦ Pr✐♥❝í♣✐♦ ❞❡ ■♥❝❧✉sã♦ ❡ ❊①❝❧✉sã♦✱ ♠✉✐t♦ ❡st✉❞❛❞♦

♥♦ ❝❛♠♣♦ ❞❛ ❝♦♥t❛❣❡♠✳ ❆♣ós ♥♦✈❡ ♣r♦✈❛s ♣✉r❛♠❡♥t❡ ❛♥❛❧ít✐❝❛s ❡ ❛❧❣é❜r✐❝❛s✱ é ❛ ✈❡③ ❞❡ ✉♠❛

♣r♦✈❛ t♦♣♦❧ó❣✐❝❛❀ ❡ss❡ é ♦ t❡♦r ❞❛ ❞é❝✐♠❛ ❞❡♠♦♥str❛çã♦ ❞❛ ✐♥✜♥✐t✉❞❡ ❞♦s ♣r✐♠♦s✱ ❞❛❞❛ ♣♦r

❍✐❧❧❡❧ ❋✉rst❡♥❜❡r❣ ❡ ♣✉❜❧✐❝❛❞❛ ❡♠ ✶✾✺✺✱ ♥❛ q✉❛❧ é ❞❡✜♥✐❞❛ ✉♠❛ t♦♣♦❧♦❣✐❛ s♦❜r❡ ♦ ❝♦♥❥✉♥t♦

❞♦s ✐♥t❡✐r♦s✳

P♦r ✜♠✱ ♥❛s ❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s✱ ❛♣r❡s❡♥t❛♠♦s ♦✉tr❛s ❞❡♠♦♥str❛çõ❡s ❞❛ ✐♥✜♥✐t✉❞❡

❞♦s ♥ú♠❡r♦s ♣r✐♠♦s✱ q✉❡ ❢❛③ ✉s♦ ❞❡ r❡s✉❧t❛❞♦s ♠❛✐s ❛✈❛♥ç❛❞♦s ♥♦ ❝❛♠♣♦ ❞❛ ❚❡♦r✐❛ ❞♦s

◆ú♠❡r♦s✱ ❝♦♠♦ ♦ ❚❡♦r❡♠❛ ❞❡ ❉✐r✐❝❤❧❡t✱ ❡ ♦ ❚❡♦r❡♠❛ ❞❡ ●r❡❡♥ ❡ ❚❛♦✳ ❈♦♠❡♥t❛♠♦s ❛❧❣✉♥s

❢❛t♦s ❡ ❝✉r✐♦s✐❞❛❞❡s ❛❝❡r❝❛ ❞❡❧❡s ❡ t❛♠❜é♠ ❛♣r❡s❡♥t❛♠♦s r❡s✉❧t❛❞♦s ❛✐♥❞❛ ♥ã♦ ❞❡♠♦♥str❛❞♦s✱

❞❡♥tr♦ ❞❡ss❛ ár❡❛✳ ✳✳



❈❛♣ít✉❧♦ ✶

Pr❡❧✐♠✐♥❛r❡s

✶✳✶ ❚❡♦r✐❛ ❞♦s ◆ú♠❡r♦s

❆q✉✐✱ ❡stã♦ ❡♥✉♥❝✐❛❞♦s ❡ ❞❡♠♦♥str❛❞♦s ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ♥❡❝❡ssár✐♦s ❛♦ ❡♥t❡♥❞✐✲

♠❡♥t♦ ❞❛s ❞❡♠♦♥str❛çõ❡s ❞♦ ❈❛♣ít✉❧♦ ✷✳

✶✳✶✳✶ ◆ú♠❡r♦s ✐♥t❡✐r♦s ❡ ♣r♦♣r✐❡❞❛❞❡s

❖ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ✐♥t❡✐r♦s✱ é ♦ ❝♦♥❥✉♥t♦

Z = {. . . ,−3,−2,−1, 0, 1, 2, 3, . . .}.

❙❡❥❛♠ a✱ b ❡ c ♥ú♠❡r♦s ✐♥t❡✐r♦s✳ ❖ ❝♦♥❥✉♥t♦ Z ♠✉♥✐❞♦ ❞❛s ♦♣❡r❛çõ❡s ❞❡ ❛❞✐çã♦ (+) ❡

♠✉❧t✐♣❧✐❝❛çã♦ (·) ❣♦③❛ ❞❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

P1 : a+ b = b+ a ❡ a · b = b · a ✭❝♦♠✉t❛t✐✈❛✮❀

P2 : (a+ b) + c = a+ (b+ c) ❡ (a · b) · c = a · (b · c) ✭❛ss♦❝✐❛t✐✈❛✮❀

P3✿ ❊①✐st❡♠ 0, 1 ∈ Z t❛✐s q✉❡ a + 0 = 0 + a = a ❡ a · 1 = 1 · a = a ✭❡①✐stê♥❝✐❛ ❞❡ ❡❧❡♠❡♥t♦

♥❡✉tr♦ ❞❛ ❛❞✐çã♦ ❡ ♠✉❧t✐♣❧✐❝❛çã♦✮❀

P4✿ ❊①✐st❡ −a ∈ Z✱ t❛❧ q✉❡ −a = (−1) · a ❡ a+ (−a) = 0 ✭❡①✐stê♥❝✐❛ ❞❡ ❡❧❡♠❡♥t♦ ♦♣♦st♦✮❀

P5 : a · (b+ c) = a · b+ a · c ❡ (a+ b) · c = a · c+ b · c ✭❞✐str✐❜✉t✐✈❛✮❀

P6 : 0 · a = 0 ❡ s❡ a · b = 0 ❡♥tã♦ ♦✉ a = 0 ♦✉ b = 0 ✭♥ã♦ ❡①✐stê♥❝✐❛ ❞❡ ❞✐✈✐s♦r❡s ❞❡ ③❡r♦✮❀

✶✷



✶✸

❆❧é♠ ❞✐ss♦✱ ❛s r❡❧❛çõ❡s ✏❃✑ ❡ ✏❁✑✱ ♦✉ s❡❥❛✱ ✏♠❛✐♦r q✉❡✑ ❡ ✏♠❡♥♦r q✉❡✑✱ ❣♦③❛♠ ❞❛s s❡❣✉✐♥t❡s

♣r♦♣r✐❡❞❛❞❡s✿

P7✿ ❙❡ a 6= 0✱ ❡♥tã♦ ♦✉ a > 0 ♦✉ a < 0 ✭tr✐❝♦t♦♠✐❛✮❀

P8✿ ❙❡ a < b ❡ b < c✱ ❡♥tã♦ a < c ✭tr❛♥s✐t✐✈✐❞❛❞❡ ❞❛ ♦r❞❡♠✮❀

P9✿ ❙❡ a < b✱ ❡♥tã♦ a+ c < b+ c ✭❝♦♠♣❛t✐❜✐❧✐❞❛❞❡ ❞❛ ♦r❞❡♠ ❝♦♠ ❛ ❛❞✐çã♦✮❀

P10✿ ❙❡ a < b ❡ c > 0✱ ❡♥tã♦ a · c < b · c ✭❝♦♠♣❛t✐❜✐❧✐❞❛❞❡ ❞❛ ♦r❞❡♠ ❝♦♠ ❛ ♠✉❧t✐♣❧✐❝❛çã♦✮❀

P11✿ ❙❡ a < b ❡ c < 0✱ ❡♥tã♦ b · c < a · c✭❝♦♠♣❛t✐❜✐❧✐❞❛❞❡ ❞❛ ♦r❞❡♠ ❝♦♠ ❛ ♠✉❧t✐♣❧✐❝❛çã♦✮✳

◆♦t❛çã♦✳ ❙❡ a < b ♦✉ a = b✱ ❡♥tã♦ ❞❡♥♦t❛r❡♠♦s ♣♦r a 6 b✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ s❡ a > b ♦✉

a = b✱ ❡♥tã♦ a > b✳

✶✳✶✳✷ ■♥❞✉çã♦

❚❡♠♦s ♥❡ss❛ s❡çã♦ ❛ ❞✐s❝✉ssã♦ ❞❡ ✐♥❞✐s♣❡♥sá✈❡✐s ❢❡rr❛♠❡♥t❛s ♥❛ ❞❡♠♦♥str❛çã♦ ❞❡ ♠✉✐t♦s

t❡♦r❡♠❛s✿ ♦ Pr✐♥❝í♣✐♦ ❞❛ ❇♦❛ ❖r❞❡♥❛çã♦ ❡ ♦ Pr✐♥❝í♣✐♦ ❞❡ ■♥❞✉çã♦ ❋✐♥✐t❛✳

Pr✐♥❝í♣✐♦ ❞❛ ❜♦❛ ♦r❞❡♥❛çã♦ ✭P❇❖✮✿ ❙❡❥❛ A ✉♠ s✉❜❝♦♥❥✉♥t♦ ♥ã♦✲✈❛③✐♦ ❞♦s ✐♥t❡✐r♦s ♥ã♦✲

♥❡❣❛t✐✈♦s✳ ◆❡ss❛s ❝♦♥❞✐çõ❡s✱ A ♣♦ss✉✐ ❡❧❡♠❡♥t♦ ♠í♥✐♠♦✳

Pr♦♣♦s✐çã♦ ✶✳✶ ✭Pr✐♠❡✐r❛ ❋♦r♠❛ ❞♦ Pr✐♥❝í♣✐♦ ❞❛ ■♥❞✉çã♦ ❋✐♥✐t❛✮✳ ❙❡❥❛ B ✉♠ s✉❜❝♦♥❥✉♥t♦

❞♦s ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s✳ ❙❡ B ♣♦ss✉✐ ❛s ❞✉❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

(i) 1 ∈ B❀

(ii) k + 1 ∈ B s❡♠♣r❡ q✉❡ k ∈ B✱

❡♥tã♦ B ❝♦♥té♠ t♦❞♦s ♦s ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s✱ ✐st♦ é✱ B = N.

Pr♦♣♦s✐çã♦ ✶✳✷ ✭❙❡❣✉♥❞❛ ❋♦r♠❛ ❞♦ Pr✐♥❝í♣✐♦ ❞❛ ■♥❞✉çã♦ ❋✐♥✐t❛✮✳ ❙❡❥❛ B ✉♠ s✉❜❝♦♥❥✉♥t♦

❞♦s ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s✳ ❙❡ B ♣♦ss✉✐ ❛s ❞✉❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

(i) 1 ∈ B❀

(ii) k + 1 ∈ B s❡♠♣r❡ q✉❡ 1, 2, . . . , k ∈ B✱

❡♥tã♦ B ❝♦♥té♠ t♦❞♦s ♦s ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s✱ ✐st♦ é✱ B = N.

❖ P❇❖✱ ❛ ♣r✐♠❡✐r❛ ❡ ❛ s❡❣✉♥❞❛ ❢♦r♠❛ ❞♦ ♣r✐♥❝í♣✐♦ ❞❡ ✐♥❞✉çã♦ sã♦ ❡q✉✐✈❛❧❡♥t❡s✳ ❆

❞❡♠♦♥str❛çã♦ ❞❡ss❡ ❢❛t♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✸❪ ❡ ❡♠ ❬✶✷❪✳
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✶✳✶✳✸ ❉✐✈✐s✐❜✐❧✐❞❛❞❡

❉❡♥tr♦ ❞♦ ❝♦♥❝❡✐t♦ ❞❡ ❞✐✈✐s✐❜✐❧✐❞❛❞❡✱ s❡rã♦ ❞❡st❛❝❛❞❛s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s✳ ❖ r❡s✉❧t❛❞♦

♣r✐♥❝✐♣❛❧ ❞❡♥tr♦ ❞❡ss❡ ❝♦♥❝❡✐t♦ é ♦ ❆❧❣♦r✐t♠♦ ❞❡ ❊✉❝❧✐❞❡s✱ q✉❡ ♥♦s ❞á ❛ ❢♦r♠❛ ♠❛✐s ❡✜❝✐❡♥t❡

❞❡ s❡ ❡♥❝♦♥tr❛r ♦ ♠á①✐♠♦ ❞✐✈✐s♦r ❝♦♠✉♠ ❡♥tr❡ ♥ú♠❡r♦s ✐♥t❡✐r♦s✳

❉❡✜♥✐çã♦ ✶✳✸✳ ❙❡❥❛♠ a, b ∈ Z ❝♦♠ a 6= 0✳ ❉✐③✲s❡ q✉❡ a ❞✐✈✐❞❡ b✱ ❞❡♥♦t❛✲s❡ ♣♦r a | b✱ s❡ ❡

s♦♠❡♥t❡ s❡✱ ❡①✐st❡ k ∈ Z✱ t❛❧ q✉❡ b = k · a✳

❖❜s❡r✈❛çõ❡s✳

i) a ∤ b ❧ê✲s❡ a ♥ã♦ ❞✐✈✐❞❡ b

ii) ❆ r❡❧❛çã♦ a | b ❞❡♥♦♠✐♥❛✲s❡ r❡❧❛çã♦ ❞❡ ❞✐✈✐s✐❜✐❧✐❞❛❞❡ ❡♠ Z✳

❚❡♦r❡♠❛ ✶✳✹✳ ❉❛❞♦s a, b, c ∈ Z✱ t❡♠♦s q✉❡✿

i) a | 0✱ 1 | a ❡ a | a❀

ii) ❙❡ a | 1✱ ❡♥tã♦ a = ±1❀

iii) ❙❡ a | b ❡ c | d✱ ❡♥tã♦ ac | bd❀

iv) ❙❡ a | b ❡ b | c✱ ❡♥tã♦ a | c❀

v) ❙❡ a | b ❡ b | a✱ ❡♥tã♦ a = ±b❀

vi) ❙❡ a | b ❡ b 6= 0✱ ❡♥tã♦ |a| ≤ |b|❀

vii) ❙❡ a | b ❡ a | c✱ ❡♥tã♦ a | bx+ cy✱ ♣❛r❛ t♦❞♦s x, y ∈ Z✳

❉❡♠♦♥str❛çã♦✿ i) a | 0 ♣♦✐s 0 = 0 · a✱ 1 | a ❡ a | a ♣♦✐s a = a · 1✳

ii) ❈♦♠♦ a | 1✱ ❡♥tã♦ 0 6| a |6 1✳ ❈♦♠♦ a 6= 1✱ ❡♥tã♦ 0 <| a |6 1✳ ❆ss✐♠✱ ♣❡❧♦ P❇❖✱

6 ∃x ∈ Z t❛❧ q✉❡ 0 < x < 1✳ P♦r ✐ss♦✱ | a |= 1 ⇔ a± 1

iii) a | b ⇔ b = k1 · a ❡ c | d ⇔ d = k2 · c✱ k1, k2 ∈ Z✳ ▼✉❧t✐♣❧✐❝❛♥❞♦✱ ♠❡♠❜r♦ ❛ ♠❡♠❜r♦

❡ss❛s ❞✉❛s ú❧t✐♠❛ ❡q✉❛çõ❡s✱ ♦❜t❡♠♦s

bd = (k1k2)
︸ ︷︷ ︸

=k3∈Z

·ac ⇔ bd = k3 · ac.
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iv) a | b ⇔ b = k1 · a ❡ b | c ⇔ c = k2 · b✱ k1, k2 ∈ Z✳ ❉❛í✱ s❡❣✉❡✲s❡ q✉❡

c = (k1k2)
︸ ︷︷ ︸

=k3∈Z

·a ⇔ c = k3 · a.

▲♦❣♦✱ a | c✳

v) a | b ⇔ b = k1 · a ❡ b | a ⇔ a = k2 · b✱ k1, k2 ∈ Z✳ ❉❛í✱ s❡❣✉❡✲s❡ q✉❡

a = k1k2 · a ⇒ (k1k2 − 1) · a = 0.

❙❡ a ❢♦r ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦✱ ❡♥tã♦

k1k2 = 1 ⇒ k1 = k2 = 1 ⇒ (a = b)

♦✉

k1 = k2 = −1 ⇒ (a = −b).

❆❣♦r❛✱ s❡ a ❢♦r ✐❣✉❛❧ ❛ ③❡r♦✱ ❡♥tã♦ b t❛♠❜é♠ é ✐❣✉❛❧ ❛ ③❡r♦✱ ❥á q✉❡ b = k1 · a✳

vi) ❙❡ a | b ❡ b 6= 0✱ ❡♥tã♦ b = k · a✱ k ∈ Z∗✳ ❉❛í✱ |b| = |k| · |a|✳ ❈♦♠♦ k 6= 0✱ s❡❣✉❡✲s❡ q✉❡

|k| ≥ 1✳ ▲♦❣♦✱ |b| ≥ |a|✱ ♦✉ s❡❥❛✱ |a| ≤ |b|✳

vii) a | b ⇔ b = k1 · a ❡ a | c ⇔ c = k2 · a✱ k1, k2 ∈ Z✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ ❛ 1❛ ❡q✉❛çã♦

♣♦r x✱ ❛ 2❛ ♣♦r y ❡ ❧♦❣♦ ❛♣ós s♦♠❛♥❞♦ s❡✉s r❡s✉❧t❛❞♦s ♠❡♠❜r♦ ❛ ♠❡♠❜r♦✱ ♦❜t❡♠♦s✿

bx+ cy = (k1 · x+ k2 · y)
︸ ︷︷ ︸

=k3∈Z

·a✳ P♦rt❛♥t♦✱ a | bx+ cy✱ ♣❛r❛ t♦❞♦s x, y ∈ Z✳

❉❡✜♥✐çã♦ ✶✳✺✳ ❈❤❛♠❛✲s❡ ❞✐✈✐s♦r ❝♦♠✉♠ ❞❡ a, b ∈ Z t♦❞♦ ✐♥t❡✐r♦ ♥ã♦✲♥✉❧♦ d t❛❧ q✉❡ d | a ❡

d | b✳

◆♦t❛çã♦✳ D(a, b) = {x ∈ Z : x | a ❡ x | b}✳

✶✳✶✳✹ ❆❧❣♦r✐t♠♦ ❞❛ ❞✐✈✐sã♦

❖ ❛❧❣♦r✐t♠♦ ❞❛ ❞✐✈✐sã♦ é ❝♦♥s✐❞❡r❛❞♦ ✉♠ ❞♦s ♠❛✐s ❢❛♠✐❧✐❛r❡s r❡s✉❧t❛❞♦s s♦❜r❡ ♦s ♥ú♠❡r♦s

✐♥t❡✐r♦s ❡ s❡rá ❜❛st❛♥t❡ út✐❧ ♣❛r❛ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ss❡s ♥ú♠❡r♦s✱ ✐♥❝❧✉s✐✈❡ ♣❛r❛ s❡
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❞❡♠♦♥str❛r ♦ ❆❧❣♦r✐t♠♦ ❞❡ ❊✉❝❧✐❞❡s✳

❚❡♦r❡♠❛ ✶✳✻✳ ❉❛❞♦s q✉❛✐sq✉❡r ✐♥t❡✐r♦s a ❡ b✱ ❝♦♠ a > 0✱ ❡①✐st❡♠ ✐♥t❡✐r♦s ✉♥✐❝❛♠❡♥t❡

❞❡t❡r♠✐♥❛❞♦s q ❡ r t❛✐s q✉❡ b = a · q + r✱ 0 ≤ r < a✳ ❙❡ a ∤ b✱ ❡♥tã♦ r 6= 0✳

❉❡♠♦♥str❛çã♦✿ i) ❊①✐stê♥❝✐❛✿ ❈♦♥s✐❞❡r❡♠♦s ❛ s❡q✉ê♥❝✐❛ ❞❡ ✐♥t❡✐r♦s

. . . , b− 2a, b− a, b, b+ a, b+ 2a, . . .

❙❡❥❛ r ♦ ♠❡♥♦r ✐♥t❡✐r♦ ♥ã♦✲♥❡❣❛t✐✈♦ ❞❡ss❛ s❡q✉ê♥❝✐❛✳ ❖❜s❡r✈❡ q✉❡ ♥ã♦ ♦❝♦rr❡ q✉❡ r ≥ a✳

❉❡ ❢❛t♦✱ ❝❛s♦ ♦❝♦rr❡ss❡✱ t❡rí❛♠♦s q✉❡ r − a s❡r✐❛ ✉♠ ❡❧❡♠❡♥t♦ ❞❛ s❡q✉ê♥❝✐❛ ❡ ♠❡♥♦r

q✉❡ r✱ ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦ ♣❡❧❛ ♠✐♥✐♠❛❧✐❞❛❞❡ ❞❡ r✳ ▲♦❣♦✱ r = b − q · a✱ ♦✉ s❡❥❛✱

b = a · q + r ❝♦♠ 0 ≤ r < a✳

ii) ❯♥✐❝✐❞❛❞❡✿ ❙✉♣♦♥❞♦ b = q′a+ r′ ❝♦♠ 0 ≤ r′ < a✱ t❡♠♦s q✉❡

q′a+ r′ = qa+ r ⇒ r′ − r = (q − q′)a ⇒ a | r′ − r.

❈♦♠♦ 0 ≤ r′ < a✱ s❡❣✉❡✲s❡ q✉❡ −a < −r′ ≤ 0✳ ▲♦❣♦✱ −a < −r′ ≤ 0 ❡ 0 ≤ r < a✳

❈♦♠❜✐♥❛♥❞♦ ❛♠❜❛s ❛s ❡①♣r❡ssõ❡s✱ ♦❜t❡♠♦s

−a < r′ − r < a ⇒ |r′ − r| < a.

❈♦♠♦ a | r′ − r ❡ |r′ − r| < a✱ só ♣♦❞❡ ♦❝♦rr❡r q✉❡ r′ − r = 0✱ ♦✉ s❡❥❛✱ r′ = r ❡✱

❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ q′ = q✳ P♦rt❛♥t♦✱ i) ❡ ii) ❞❡♠♦♥str❛♠ ♦ t❡♦r❡♠❛✳

✶✳✶✳✺ ❖ ♠á①✐♠♦ ❞✐✈✐s♦r ❝♦♠✉♠

❖ ♠á①✐♠♦ ❞✐✈✐s♦r ❝♦♠✉♠ é ❜❛st❛♥t❡ út✐❧ ♣❛r❛ s❡ s♦❧✉❝✐♦♥❛r ❛❧❣✉♠❛s q✉❡stõ❡s ❞❛ ❚❡♦r✐❛ ❞♦s

◆ú♠❡r♦s✱ ❡ é ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ❝♦♥❝❡✐t♦s tr❛❜❛❧❤❛❞♦s ♣♦st❡r✐♦r♠❡♥t❡ ♥❡st❡ t❡①t♦✱ ❝♦♠♦ ♦

❝♦♥❝❡✐t♦ ❞❡ ❞♦✐s ♥ú♠❡r♦s ♣r✐♠♦s ❡♥tr❡ s✐✳

❉❡✜♥✐çã♦ ✶✳✼✳ ❖ ♠á①✐♠♦ ❞✐✈✐s♦r ❝♦♠✉♠ ❞❡ ❞♦✐s ✐♥t❡✐r♦s ✭♥ã♦ s✐♠✉❧t❛♥❡❛♠❡♥t❡ ♥✉❧♦s✮ a ❡

b é ♦ ♠❛✐♦r ✐♥t❡✐r♦ q✉❡ ❞✐✈✐❞❡ a ❡ b✳
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◆♦t❛çã♦✳ (a, b)✳

❚❡♦r❡♠❛ ✶✳✽✳ ❙❡ d = (a, b)✱ ❡♥tã♦ ❡①✐st❡♠ ✐♥t❡✐r♦s n0,m0 t❛✐s q✉❡ d = n0a+m0b✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ A = {na+mb : n,m ∈ Z}✳ ❖❜✈✐❛♠❡♥t❡✱ ♦ s✉❜❝♦♥❥✉♥t♦ A+ ⊂ A ❞♦s

❡❧❡♠❡♥t♦s ♣♦s✐t✐✈♦s ❞❡ A é ♥ã♦ ✈❛③✐♦✳ ❉❡ ❢❛t♦✱ ❜❛st❛ t♦♠❛r n = a ❡ m = b✳ ❯s❛♥❞♦ ♦ PBO✱

❝♦♥❝❧✉í♠♦s q✉❡ ❡①✐st❡ c ∈ A✱ ♦ ♠❡♥♦r ❡❧❡♠❡♥t♦ ♣♦s✐t✐✈♦ ❞❡ A✳ ❊s❝r❡✈❡♠♦s c = n0a +m0b✳

❆✜r♠❛♠♦s q✉❡ c = d✱ ♦✉ s❡❥❛✱ c é ♦ ♠á①✐♠♦ ❞✐✈✐s♦r ❝♦♠✉♠ ❞❡ a ❡ b✳ Pr♦✈❡♠♦s q✉❡ c | a✳ ❉❡
❢❛t♦✱ ❝❛s♦ ❝♦♥trár✐♦✱ t❡rí❛♠♦s✿ a = cq + r ❝♦♠ 0 < r < c✳ ❉❛í✱

r = a− q(n0a+m0b) = (1− qn0)a+ (−qm0)b ∈ A.

▼❛s ✐ss♦ é ✉♠❛ ❝♦♥tr❛❞✐çã♦ ♣❡❧❛ ♠✐♥✐♠❛❧✐❞❛❞❡ ❞❡ c✳ ❊♥tã♦ c | a✱ ❡ ❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛ ♣♦❞❡♠♦s

♠♦str❛r q✉❡ c | b✮✳ ❉❛í✱ c é ❞✐✈✐s♦r ❝♦♠✉♠ ❞❡ a ❡ b✱ ❧♦❣♦ c ≤ d✳ ❈♦♠♦ d | c✱ t❡♠♦s q✉❡ d ≤ c✳

▲♦❣♦✱ c = d✳

❉❡✜♥✐çã♦ ✶✳✾✳ ❖s ✐♥t❡✐r♦s a, b sã♦ r❡❧❛t✐✈❛♠❡♥t❡ ♣r✐♠♦s ✭♦✉ ♣r✐♠♦s ❡♥tr❡ s✐✮ s❡ (a, b) = 1✳

Pr♦♣♦s✐çã♦ ✶✳✶✵✳ P❛r❛ t♦❞♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ m ✈❛❧❡✿ (ma,mb) = m(a, b)✳

❉❡♠♦♥str❛çã♦✿ ❉❡ ❢❛t♦✱ ✉s❛♥❞♦ ❛ ♥♦t❛çã♦ ❞❛ ♣r♦✈❛ ❞♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ t❡♠♦s✿

A = {xa+ yb : x, y ∈ Z}

B = {x(ma) + y(mb) : x, y ∈ Z} = m · A.

▲♦❣♦✱ ♦ ♠❡♥♦r ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ ❞❡ B✱ ♦✉ s❡❥❛✱ (ma,mb)✱ é m ✈❡③❡s ♦ ♠❡♥♦r ✐♥t❡✐r♦ ♣♦s✐t✐✈♦

❞❡ A✱ ♦✉ s❡❥❛✱ (a, b)✳ P♦rt❛♥t♦✱ (ma,mb) = m(a, b)✳

❊♥❝♦♥tr❛r ♦ ♠á①✐♠♦ ❞✐✈✐s♦r ❝♦♠✉♠ ❞❡ ♥ú♠❡r♦s ✐♥t❡✐r♦s ✏♣❡q✉❡♥♦s✑ é ✉♠❛ t❛r❡❢❛ ♥ã♦

♠✉✐t♦ tr❛❜❛❧❤♦s❛✳ P♦ré♠✱ ♣❛r❛ ♥ú♠❡r♦s ❣r❛♥❞❡s✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ ✷✸✾✾✾ ❡ ✾✶✸✽✱ ❛ t❛r❡❢❛ é

❛❧❣♦ ✉♠ ♣♦✉❝♦ ♠❛✐s tr❛❜❛❧❤♦s❛✳ P❛r❛ ✐ss♦✱ ❊✉❝❧✐❞❡s ❝r✐♦✉ ✉♠ ❛❧❣♦r✐t♠♦ ❞❡ ❞✐✈✐sõ❡s s✉❝❡ss✐✈❛s

q✉❡ ❛❥✉❞❛ ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ❛ ❢❛③❡r ❡ss❡ ❝á❧❝✉❧♦ ❞❡ ♠❛♥❡✐r❛ ♠✉✐t♦ ♠❛✐s rá♣✐❞❛✳ ❖ ❚❡♦r❡♠❛

❛ s❡❣✉✐r é ❢❡rr❛♠❡♥t❛ ♥❡❝❡ssár✐❛ ♣r❛ ❛ ❛♣❧✐❝❛çã♦ ❞♦ ❆❧❣♦r✐t♠♦ ❞❡ ❊✉❝❧✐❞❡s✳

❚❡♦r❡♠❛ ✶✳✶✶✳ ❙❡ a ❡ b sã♦ ✐♥t❡✐r♦s ❡ a = qb+r✱ ♦♥❞❡ q ❡ r sã♦ ✐♥t❡✐r♦s✱ ❡♥tã♦ (a, b) = (b, r)✳



✶✽

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ a = qb + r, s❡❣✉❡✲s❡ q✉❡ t♦❞♦ ❞✐✈✐s♦r ❝♦♠✉♠ ❞❡ b ❡ r t❛♠❜é♠ é

❞✐✈✐s♦r ❞❡ a✳ ▼❛s ♣♦❞❡♠♦s ❡s❝r❡✈❡r r = a − qb✱ ♦ q✉❡ ♥♦s ❞✐③ q✉❡ t♦❞♦ ❞✐✈✐s♦r ❝♦♠✉♠ ❞❡

a ❡ b t❛♠❜é♠ é ❞✐✈✐s♦r ❞❡ r✳ ▲♦❣♦✱ ♦s ❝♦♥❥✉♥t♦s ❞♦s ❞✐✈✐s♦r❡s ❝♦♠✉♥s ❞❡ a ❡ b é ✐❣✉❛❧ ❛♦

❝♦♥❥✉♥t♦ ❞♦s ❞✐✈✐s♦r❡s ❝♦♠✉♥s ❞❡ b ❡ r✳ P♦rt❛♥t♦✱ (a, b) = (b, r)✳

❚❡♦r❡♠❛ ✶✳✶✷ ✭❆❧❣♦r✐t♠♦ ❞❡ ❊✉❝❧✐❞❡s✮✳ ❙❡❥❛♠ a ❡ b ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s✳ ❆♣❧✐❝❛♠♦s ♦ ❛❧❣♦✲

r✐t♠♦ ❞❛ ❞✐✈✐sã♦ s✉❝❡ss✐✈❛♠❡♥t❡ ♣❛r❛ ♦❜t❡r♠♦s ❛s ❡q✉❛çõ❡s✿

a = bq1 + r1, 0 < r1 < b

b = r1q2 + r2, 0 < r2 < r1

r1 = r2q3 + r3, 0 < r3 < r2

. . . . . . . . . . . . . . .

rj−2 = rj−1qj + rj, 0 < rj < rj−1

rj−1 = rjqj+1 + 0

❖ ♠á①✐♠♦ ❞✐✈✐s♦r ❝♦♠✉♠ ❞❡ a ❡ b é rj✱ ♦✉ s❡❥❛✱ ♦ ú❧t✐♠♦ r❡st♦ ♥ã♦ ♥✉❧♦ ❞♦ ♣r♦❝❡ss♦ ❞❡

❞✐✈✐sõ❡s s✉❝❡ss✐✈❛s ❛❝✐♠❛✳

❉❡♠♦♥str❛çã♦✿ ❙❡ d = (a, b) ❡ ♦❧❤❛♥❞♦ ♦ ♣r♦❝❡ss♦ ❛❝✐♠❛ ❞❡ ✏❝✐♠❛ ♣❛r❛ ❜❛✐①♦✑✱ ❡♥tã♦

d | r1 ⇒ d | r2 ⇒ . . . ⇒ d | rj ⇒ d ≤ rj✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♦❧❤❛♥❞♦ ❞❡ ✏❜❛✐①♦ ♣❛r❛ ❝✐♠❛✑✱

♣❡r❝❡❜❡♠♦s q✉❡ rj | rj−1 ⇒ rj | rj−2 ⇒ . . . ⇒ rj | r1 ⇒ rj | b ⇒ rj | a✳ ▲♦❣♦✱ rj é ❞✐✈✐s♦r

❝♦♠✉♠ ❞❡ a ❡ b ❡✱ ♣♦r ❞❡✜♥✐çã♦✱ rj ≤ d✳ P♦rt❛♥t♦✱ rj = d = (a, b)✳

✶✳✶✳✻ ◆ú♠❡r♦s ♣r✐♠♦s ❡ ❝♦♠♣♦st♦s

❆ ❝❧❛ss❡ ❞♦s ♥ú♠❡r♦s ♣r✐♠♦s é ✉♠❛ ❞❛s ♠❛✐s ✐♠♣♦rt❛♥t❡s ❞❡♥tr♦ ❞♦ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s

✐♥t❡✐r♦s✳ ❊❧❡s sã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❆r✐t♠ét✐❝❛✱ s✉✜❝✐❡♥t❡s ♣❛r❛ ❣❡r❛r t♦❞♦s ♦s

♦✉tr♦s ✐♥t❡✐r♦s✱ ❞✐❢❡r❡♥t❡s ❞❡ −1, 0, 1✳

❉❡✜♥✐çã♦ ✶✳✶✸✳ ❯♠ ✐♥t❡✐r♦ n > 1 é ♣r✐♠♦ s❡ ♣♦ss✉✐r ❛♣❡♥❛s ❞♦✐s ❞✐✈✐s♦r❡s ♣♦s✐t✐✈♦s✱ ❛

s❛❜❡r✱ 1 ❡ n✳ ❙❡ n > 1 ♥ã♦ é ♣r✐♠♦ ❞✐③❡♠♦s q✉❡ n é ❝♦♠♣♦st♦✳

Pr♦♣♦s✐çã♦ ✶✳✶✹✳ ❙❡ p é ♣r✐♠♦ ❡ p | ab✱ ❡♥tã♦ p | a ♦✉ p | b✳



✶✾

❉❡♠♦♥str❛çã♦✿ ❙❡ p | a✱ ♦ r❡s✉❧t❛❞♦ ❡stá ❞❡♠♦♥str❛❞♦✳ ❙❡ p ∤ a✱ ❡♥tã♦ (p, a) = 1✳ ▼❛s

❡♥tã♦ p | b✳

Pr♦♣♦s✐çã♦ ✶✳✶✺✳ ❖ ♠❡♥♦r ❞✐✈✐s♦r ♣♦s✐t✐✈♦ ♠❛✐♦r q✉❡ 1 ❞❡ ✉♠ ✐♥t❡✐r♦ a > 1 é ♣r✐♠♦✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ d ♦ ♠❡♥♦r ❞✐✈✐s♦r ♠❛✐♦r q✉❡ 1 ❞❡ a✳ ❙✉♣♦♥❤❛♠♦s✱ ♣♦r ❛❜s✉r❞♦✱ q✉❡ d

♥ã♦ s❡❥❛ ♣r✐♠♦✳ ❙❡♥❞♦ ❛ss✐♠✱ d ♣♦ss✉✐ ✉♠ ❞✐✈✐s♦r n ♠❛✐♦r q✉❡ 1 ❡ ♠❡♥♦r q✉❡ d✳ ❊ss❡ ♥ú♠❡r♦

é ❞✐✈✐s♦r ❞❡ a✱ ♣♦✐s n | d e d | a ⇒ n | a✱ ❝♦♠ n ♠❛✐♦r q✉❡ 1 ❡ ♠❡♥♦r q✉❡ d✳ ❆❜s✉r❞♦✦

✶✳✶✳✼ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❆r✐t♠ét✐❝❛

❖ r❡s✉❧t❛❞♦ ❛ s❡❣✉✐r s❡rá ✉t✐❧✐③❛❞♦ ❞✉r❛♥t❡ t♦❞♦ ❡ss❡ tr❛❜❛❧❤♦✱ ♣♦r s❡ tr❛t❛r ❞❡ ✉♠ ❞♦s

r❡s✉❧t❛❞♦s ♠❛✐s ✐♠♣♦rt❛♥t❡s ❞❛ ♠❛t❡♠át✐❝❛✳

❚❡♦r❡♠❛ ✶✳✶✻ ✭❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❆r✐t♠ét✐❝❛✮✳ ❚♦❞♦ ✐♥t❡✐r♦ ♠❛✐♦r q✉❡ 1 ♣♦❞❡ s❡r

r❡♣r❡s❡♥t❛❞♦ ❞❡ ♠❛♥❡✐r❛ ú♥✐❝❛ ✭❛ ♠❡♥♦s ❞❛ ♦r❞❡♠✮ ❝♦♠♦ ♣r♦❞✉t♦ ❞❡ ♥ú♠❡r♦s ♣r✐♠♦s✳

❉❡♠♦♥str❛çã♦✿ i) ❊①✐stê♥❝✐❛✿ ❙❡❥❛ n ♦ ✐♥t❡✐r♦ ♠❛✐♦r q✉❡ 1✳ ❙❡ n ❢♦r ♣r✐♠♦✱ ❛❝❛❜❛♠♦s✳

❈❛s♦ ❝♦♥trár✐♦✱ ❡①✐st❡ p1 ♦ ♠❡♥♦r ❞✐✈✐s♦r ♣♦s✐t✐✈♦ ❞❡ n ♠❛✐♦r q✉❡ 1✳ ❉❛í✱ n = p1 · n1✱

❝♦♠ p1 ♣r✐♠♦✳ ❙❡ n1 ❢♦r ♣r✐♠♦✱ ❛❝❛❜❛♠♦s✳ ❈❛s♦ ❝♦♥trár✐♦✱ ❡①✐st❡ p2 ♦ ♠❡♥♦r ❞✐✈✐s♦r

❞❡ n1 ✭❧♦❣♦✱ ❞❡ n✮ ♠❛✐♦r q✉❡ 1✳ ❉❛í✱ n1 = p2 · n2 ⇒ n = p1 · p2 · n2✳ ❙❡ n2 ❢♦r ♣r✐♠♦✱

❛❝❛❜❛♠♦s✳ ❈❛s♦ ❝♦♥trár✐♦✱ r❡♣❡t✐♠♦s ♦ ♣r♦❝❡ss♦ ❡ ♦❜t❡♠♦s✿

n = p1 · p2 · p3 · . . . · ps · ns.

❈♦♠♦ n > n1 > n2 > . . . > ns✱ ♦ ♣r♦❝❡ss♦ ❛❝❛❜❛ ❡ ♦❜t❡♠♦s✿

n = p1 · p2 · p3 · . . . · pr,

❞❡❝♦♠♣♦s✐çã♦ ❡♠ ♣r♦❞✉t♦ ❞❡ ♣r✐♠♦s✳

ii) ❯♥✐❝✐❞❛❞❡ ✿ ❙✉♣♦♥❤❛

n = p1 · p2 · p3 · . . . · ps = q1 · q2 · q3 · . . . · qr

❞✉❛s ❞❡❝♦♠♣♦s✐çõ❡s ❞❡ n ❝♦♠♦ ♣r♦❞✉t♦ ❞❡ ♣r✐♠♦s✳ ❙✉♣♦♥❤❛♠♦s q✉❡ s ≥ r✳ ❈♦♠♦ q1

é ♣r✐♠♦ ❡ ❞✐✈✐❞❡ p1 · p2 · p3 · . . . · ps✱ s❡❣✉❡✲s❡ q✉❡ ❡①✐st❡ 1 ≤ j ≤ s t❛❧ q✉❡ q1 | pj✱ ❧♦❣♦



✷✵

q1 = pj✳ ❆ ♠❡♥♦s ❞❡ ✉♠❛ r❡♦r❞❡♥❛çã♦✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ j = 1✳ ❆ss✐♠✱ p1 = q1 ❡

♦❜t❡♠♦s p2 · p3 · . . . · ps = q2 · q3 · . . . · qr✳ ❘❡♣❡t✐♠♦s ♦ r❛❝✐♦❝í♥✐♦ r ✈❡③❡s ❡ ♦❜t❡♠♦s✿

p1 = q1, p2 = q2, . . . , pr = qr

❡ s❡ s > r✱ t❡♠♦s

pr+1 · . . . · ps = 1,

♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✦ ▲♦❣♦✱ r = s ❡ pi = qi✱ ∀i = 1, . . . , r✳

✶✳✶✳✽ ❈♦♥❣✉ê♥❝✐❛s

❉❡✜♥✐çã♦ ✶✳✶✼✳ ❉❛❞♦ m > 0✱ ❞✐r❡♠♦s q✉❡ ♦s ✐♥t❡✐r♦s a ❡ b sã♦ ❝♦♥❣r✉❡♥t❡s ♠ó❞✉❧♦ m s❡

m | (a− b)✳

◆♦t❛çã♦✳ a ≡ b (modm)✳ ❙❡ m ∤ (a− b)✱ ❡♥tã♦ ❞❡♥♦t❛♠♦s ♣♦r a 6≡ b (modm)✳

❖❜s❡r✈❛çã♦✳ a ≡ b (modm) ⇔ ∃k ∈ Z t❛❧ q✉❡ a = b+ km✳

Pr♦♣♦s✐çã♦ ✶✳✶✽✳ ❆ ❝♦♥❣r✉ê♥❝✐❛ é ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✶ ❡♠ Z✱ ✐st♦ é✱ ✈❛❧❡♠ ❛s

s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

i) a ≡ a (modm) ✭r❡✢❡①✐✈❛✮❀

ii) ❙❡ a ≡ b (modm)✱ ❡♥tã♦ b ≡ a (modm) ✭s✐♠étr✐❝❛✮❀

iii) ❙❡ a ≡ b (modm) ❡ b ≡ c (modm)✱ ❡♥tã♦ a ≡ c (modm) ✭tr❛♥s✐t✐✈❛✮✳

❆s ♣r♦✈❛s ❞❡ i), ii) ❡ iii) s❡❣✉❡♠ ❞✐r❡t❛♠❡♥t❡ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❞✐✈✐s✐❜✐❧✐❞❛❞❡✱ ✭❝✳❢✳ ❬✽❪✮✳

Pr♦♣♦s✐çã♦ ✶✳✶✾✳ ❙❡ a, b, c, d ❡ m > 0 sã♦ ✐♥t❡✐r♦s t❛✐s q✉❡ a ≡ b (modm) ❡ c ≡ d (modm)✱

❡♥tã♦✿

i) a+ c ≡ b+ d (modm)❀

ii) ac ≡ bd (modm)✳

✶❱❡r ❙❡çã♦ ✶✳✷✳✶



✷✶

❉❡♠♦♥str❛çã♦✿ i) a ≡ b (modm) ⇔ m | (a− b) ❡ c ≡ d (modm) ⇔ m | (c− d)✳ ▲♦❣♦✱

m | [(a+ c)− (b+ d)] ⇔ a+ c ≡ b+ d (modm).

❊♠ ♣❛rt✐❝✉❧❛r✱ t♦♠❛♥❞♦ c = d✱ t❡♠♦s q✉❡ a + c ≡ b + c (modm)✱ ✉♠❛ ✈❡③ q✉❡ c ≡
c(modm)✳

ii) a ≡ b (modm) ⇔ m | (a − b) ⇔ ∃k ∈ Z t❛❧ q✉❡ a = b + km✱ ❡ c ≡ d (modm) ⇔ m |
(c− d) ⇔ ∃t ∈ Z t❛❧ q✉❡ c = d+ tm✳ ▲♦❣♦✱

ac = (b+ km)(d+ tm)

= bd+ btm+ dkm+ ktm2

= bd+ sm

⇔ m | (ac− bd)

⇔ ac ≡ bd (modm).

❊♠ ♣❛rt✐❝✉❧❛r✱ ac ≡ bc (modm) ❡ ak ≡ bk (modm)✱ s✉♣♦♥❞♦✱ é ❝❧❛r♦✱ a ≡ b (modm)

❖❜s❡r✈❛çã♦✳ ac ≡ bc (modm) ♥ã♦ ✐♠♣❧✐❝❛ ♥❡❝❡ss❛r✐❛♠❡♥t❡ q✉❡ a ≡ b (modm)✳ ❉❡ ❢❛t♦✱

❜❛st❛ ❝♦♥s✐❞❡r❛r ♦ ❝♦♥tr❛✲❡①❡♠♣❧♦✿

2 ≡ 4 (mod 2) ; 1 ≡ 2 (mod 2).

Pr♦♣♦s✐çã♦ ✶✳✷✵✳ ❙❡ a, b, c ❡ m sã♦ ✐♥t❡✐r♦s ❡ ac ≡ bc (modm)✱ ❡♥tã♦

a ≡ b

(

mod
m

(m, c)

)

.

❉❡♠♦♥str❛çã♦✿

ac ≡ bc (modm) ⇔ m | (a− b)c ⇒ m

(m, c)
| (a− b)

c

(m, c)
.



✷✷

▼❛s ❝♦♠♦

(
m

(m, c)
,

c

(m, c)

)

=
(m, c)

(m, c)
= 1✱ s❡❣✉❡✲s❡ q✉❡

m

(m, c)
| a− b ⇔ a ≡ b

(

mod
m

(m, c)

)

.

✶✳✶✳✾ ❆ ❢✉♥çã♦ ♠❛✐♦r ✐♥t❡✐r♦

❆ ❋✉♥çã♦ ▼❛✐♦r ■♥t❡✐r♦ é ❞❡✜♥✐❞❛ ♣♦r

f : R −→ Z

x 7→ ⌊x⌋

♦♥❞❡ ⌊x⌋ ✐♥❞✐❝❛ ♦ ♠❛✐♦r ✐♥t❡✐r♦ ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ x✳

Pr♦♣♦s✐çã♦ ✶✳✷✶✳ ❆ ❢✉♥çã♦ ⌊x⌋ t❡♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

i) ⌊x+m⌋ = ⌊x⌋+m s❡ m ∈ Z❀

ii) ⌊x⌋+ ⌊−x⌋ = 0 ♦✉ −1✱ ❝♦♥❢♦r♠❡ x é ✉♠ ✐♥t❡✐r♦ ♦✉ ♥ã♦❀

iii)
⌊
x
n

⌋
=
⌊
⌊x⌋
n

⌋

✱ ❡♠ q✉❡ n ∈ N❀

iv) ⌊x⌋+ ⌊y⌋ 6 ⌊x+ y⌋ ♣❛r❛ q✉❛✐sq✉❡r x ❡ y r❡❛✐s✳

❆s ❞❡♠♦♥str❛çõ❡s ❞❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛ sã♦ s✐♠♣❧❡s ❡ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✽❪ ❡ ❬✶✷❪✳

Pr♦♣♦s✐çã♦ ✶✳✷✷✳ ❖ ♥ú♠❡r♦ ❞❡ ✐♥t❡✐r♦s ❞♦ ❝♦♥❥✉♥t♦ {1, 2, . . . , n} q✉❡ sã♦ ❞✐✈✐sí✈❡✐s ♣♦r a é

❞❛❞♦ ♣♦r
⌊
n
a

⌋
.

❉❡♠♦♥str❛çã♦✿ ❖❜s❡r✈❡ q✉❡ n =
⌊
n
a

⌋
· a+ r, 0 6 r < a✱ ♦ q✉❡ ❝♦♠♣❧❡t❛ ❛ ♣r♦✈❛✳

✶✳✷ ❊str✉t✉r❛s ❆❧❣é❜r✐❝❛s

✶✳✷✳✶ ❘❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❡ ♦♣❡r❛çõ❡s ❜✐♥ár✐❛s

❉❡✜♥✐çã♦ ✶✳✷✸✳ ❉❛❞♦s ❞♦✐s ❝♦♥❥✉♥t♦s A ❡ B✱ ❝❤❛♠❛♠♦s ❞❡ r❡❧❛çã♦ R ❡♥tr❡ A ❡ B ❛ t♦❞♦

s✉❜❝♦♥❥✉♥t♦ ❞❡ A× B = {(a, b) : a ∈ A, b ∈ B}✳



✷✸

◆♦t❛çã♦✳ ❉❛❞❛ ✉♠❛ r❡❧❛çã♦ R ❡♥tr❡ ❞♦✐s ❝♦♥❥✉♥t♦s✱ ❞❡♥♦t❛♠♦s ♣♦r xRy✱ q✉❛♥❞♦ (x, y) ∈ R✳

❉❡✜♥✐çã♦ ✶✳✷✹✳ ❉❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ A✱ ✉♠❛ r❡❧❛çã♦ R ❞❡ A ❡♠ A é ✉♠❛ r❡❧❛çã♦ ❞❡

❡q✉✐✈❛❧ê♥❝✐❛ q✉❛♥❞♦ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s sã♦ s❛t✐s❢❡✐t❛s✿

i) xRx, ∀x ∈ A❀

ii) xRy ⇒ yRx, ∀x, y ∈ A❀

iii) xRy ❡ yRz ⇒ xRz, ∀x, y, z ∈ A✳

❉❡✜♥✐çã♦ ✶✳✷✺✳ ❙❡❥❛ A ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦✳ ❯♠❛ ♦♣❡r❛çã♦ ❜✐♥ár✐❛ ❡♠ ❆ é ✉♠❛

r❡❧❛çã♦ ∗ t❛❧ q✉❡✿

∗ : A× A −→ A

(a, b) 7−→ a ∗ b.

◆♦t❛çã♦✳ ❙❡ G é ✉♠ ❝♦♥❥✉♥t♦ ❡ “∗′′ ✉♠❛ ♦♣❡r❛çã♦ ❜✐♥ár✐❛ ❡♠ G✱ ❞✐③❡♠♦s q✉❡ G é ✉♠

❝♦♥❥✉♥t♦ ♠✉♥✐❞♦ ❞❡ ∗✱ ❡ ❞❡♥♦t❛♠♦s ♣♦r (G, ∗)✳

❉❡✜♥✐çã♦ ✶✳✷✻✳ ❙❡❥❛ ∼ ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ s♦❜r❡ ✉♠ ❝♦♥❥✉♥t♦ A✳ P❛r❛ ❝❛❞❛ a ∈ A✱

♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ❡❧❡♠❡♥t♦s x ❡♠ A✱ t❛✐s q✉❡ x ∼ a✱ ❝❤❛♠❛✲s❡ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛

❞❡ ❛ ❡ ✐♥❞✐❝❛✲s❡ ♣♦r a✳ ❖✉ s❡❥❛✱

a = {x ∈ A : x ∼ a}.

❯♠ ❡❧❡♠❡♥t♦ b ∈ a é ❞✐t♦ ✉♠ r❡♣r❡s❡♥t❛♥t❡ ❞❛ ❝❧❛ss❡ a✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❝❧❛ss❡s ❞❡

❡q✉✐✈❛❧ê♥❝✐❛ s❡❣✉♥❞♦ ❛ r❡❧❛çã♦ ∼ ❝❤❛♠❛✲s❡ ❝♦♥❥✉♥t♦ q✉♦❝✐❡♥t❡ ❞❡ A ♣♦r ∼ ❡ ✐♥❞✐❝❛✲s❡ ♣♦r

A/ ∼✳ ❆ss✐♠✱

A/ ∼= {a : a ∈ A}

✳

❚❡♦r❡♠❛ ✶✳✷✼✳ ❙❡❥❛ ∼ ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ s♦❜r❡ ✉♠ ❝♦♥❥✉♥t♦ ❆✳ ❊♥tã♦✱

i) x = y s❡✱ ❡ s♦♠❡♥t❡ s❡ x ∼ y, ∀x, y ∈ A❀

ii) ❙❡ x ∩ y 6= ∅✱ ❡♥tã♦ x = y, ∀x, y ∈ A❀

iii)
⋃

x∈A

x = A✳



✷✹

❆ ❞❡♠♦♥str❛çã♦ ❞❡ss❡ t❡♦r❡♠❛ ❞❡❝♦rr❡ ❞❛s ❞❡✜♥✐çõ❡s ❛♥t❡r✐♦r❡s ❡ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛

❝♦♠ ♠❛✐s ❞❡t❛❧❤❡s ❡♠ ❬✶✶❪✳

✶✳✷✳✷ ●r✉♣♦s ❡ s✉❜❣r✉♣♦s

❉❡✜♥✐çã♦ ✶✳✷✽✳ ❙❡❥❛ G ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦✱ ♠✉♥✐❞♦ ❞❡ ✉♠❛ ♦♣❡r❛çã♦ ❜✐♥ár✐❛ ∗✳ ❉✐③❡♠♦s

q✉❡ (G, ∗) é ✉♠ ❣r✉♣♦ q✉❛♥❞♦ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s sã♦ s❛t✐s❢❡✐t❛s✿

i) a ∗ (b ∗ c) = (a ∗ b) ∗ c, ∀a, b, c ∈ G❀

ii) ❊①✐st❡ ✉♠ ❡❧❡♠❡♥t♦ e ∈ G t❛❧ q✉❡ e ∗ a = a ∗ e = a, ∀a ∈ G❀

iii) P❛r❛ t♦❞♦ a ∈ G, ❡①✐st❡ b ∈ G t❛❧ q✉❡ a ∗ b = b ∗ a = e✳

❖❜s❡r✈❛çõ❡s✳

i) ❖ ❡❧❡♠❡♥t♦ e é ú♥✐❝♦ ❡ é ❝❤❛♠❛❞♦ ✐❞❡♥t✐❞❛❞❡ ❞❡ G❀

ii) ❙❡ ●✱ ❛❧é♠ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❛❝✐♠❛✱ s❛t✐s✜③❡r a ∗ b = b ∗ a, ∀a, b ∈ G✱ ❞✐③❡♠♦s q✉❡ G é

✉♠ ❣r✉♣♦ ❆❜❡❧✐❛♥♦✳

◆♦t❛çõ❡s✳ ❖ ❡❧❡♠❡♥t♦ b ❡♠ iii) é ❝❤❛♠❛❞♦ ❞❡ ✐♥✈❡rs♦ ❞❡ a ❡ s❡rá ❞❡♥♦t❛❞♦ ♣♦r b = a−1✳

❆❧é♠ ❞✐ss♦✱ ❛ ♣❛rt✐r ❞❡ ❛❣♦r❛✱ ✉t✐❧✐③❛r❡♠♦s G ♣❛r❛ ❞❡♥♦t❛r♠♦s (G, ∗) ❡ ab ♣❛r❛ a ∗ b✳

❉❡✜♥✐çã♦ ✶✳✷✾✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ❡ x ∈ G✳ ❙❡ n ∈ Z✱ ❞❡✜♥✐♠♦s xn ❝♦♠♦ s❡❣✉❡✿

xn =







e, se n = 0

xn−1x, se n > 0

(x−n)−1, se n < 0.

❙❡ ✉♠ ❣r✉♣♦ G ♣♦ss✉✐ n ❡❧❡♠❡♥t♦s✱ ❞✐③❡♠♦s q✉❡ ❛ ♦r❞❡♠ ❞❡ G é n✱ ❡ ❞❡♥♦t❛♠♦s ♣♦r

| G |= n✳ ❙❡ G ♣♦ss✉✐ ✐♥✜♥✐t♦s ❡❧❡♠❡♥t♦s✱ ❞✐③❡♠♦s q✉❡ ❛ ♦r❞❡♠ ❞❡ ● é ✐♥✜♥✐t❛✳

❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ a ∈ G✳ ❙❡ ❡①✐st❡ n ∈ N t❛❧ q✉❡ an = e✱ ❞✐③✲s❡ q✉❡ ♦ ❡❧❡♠❡♥t♦ a

t❡♠ ♦r❞❡♠ ✜♥✐t❛✱ ❡ ♦ ♠❡♥♦r ✐♥t❡✐r♦ m t❛❧ q✉❡ am = e ❝❤❛♠❛✲s❡ ❞❡ ♦r❞❡♠ ❞❡ a✱ ❛ q✉❛❧

❞❡♥♦t❛r❡♠♦s ♣♦r O(a)✳ ❈❛s♦ ♥ã♦ ❡①✐st❛ ♥❡♥❤✉♠ n ∈ N s❛t✐s❢❛③❡♥❞♦ t❛❧ ♣r♦♣r✐❡❞❛❞❡✱ ❡♥tã♦ ♦

❡❧❡♠❡♥t♦ a é ❞✐t♦ ❞❡ ♦r❞❡♠ ✐♥✜♥✐t❛✳

❉❡✜♥✐çã♦ ✶✳✸✵✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ❡ H ⊆ G ♥ã♦ ✈❛③✐♦✳ ❙❡ ❍ ♠✉♥✐❞♦ ❞❛ ♦♣❡r❛çã♦ ❜✐♥❛r✐❛

❞❡ ● é ✉♠ ❣r✉♣♦✱ ❞✐③❡♠♦s q✉❡ H é ✉♠ s✉❜❣r✉♣♦ ❞❡ G✳



✷✺

◆♦t❛çã♦✳ H ≤ G

Pr♦♣♦s✐çã♦ ✶✳✸✶✳ ❙❡❥❛♠ G ✉♠ s✉❜❣r✉♣♦ ❡ H ✉♠ s✉❜❣r✉♣♦ ❞❡ G✳ ❊♥tã♦✱

i) ❆ ✐❞❡♥t✐❞❛❞❡ ❞❡ H é ✐❣✉❛❧ ❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ G❀

ii) P❛r❛ t♦❞♦ a ∈ H✱ t❡♠✲s❡ q✉❡ h−1 é ♦ ✐♥✈❡rs♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ ❞❡ h ❡♠ H✱ ❡ ❝♦✐♥❝✐❞❡ ❝♦♠

♦ ✐♥✈❡rs♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ ❞❡ h ❡♠ G✳

❆ ❞❡♠♦♥str❛çã♦ ❞❡ss❡ ❢❛t♦ s❡❣✉❡ ❞♦ ❢❛t♦ ❞❡ H t❛♠❜é♠ s❡r ✉♠ ❣r✉♣♦✱ ❡ ♣♦❞❡ s❡r ✈✐st❛

❝♦♠ ❞❡t❛❧❤❡s ❡♠ ❬✶✷❪✳

Pr♦♣♦s✐çã♦ ✶✳✸✷✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ H ✉♠ s✉❜❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦ ❞❡ G✳ ❊♥tã♦ H é ✉♠

s✉❜❣r✉♣♦ ❞❡ G s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♦ ♠❡♥♦s ✉♠❛ ❞❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s sã♦ s❛t✐s❢❡✐t❛s✿

i) ab ∈ H ❡ b−1 ∈ H, ∀a, b ∈ H❀

ii) ab−1 ∈ H, ∀a, b ∈ H✳

❉❡♠♦♥str❛çã♦✿ ❙❡ H é s✉❜❣r✉♣♦ ❞❡ G✱ ❡♥tã♦ ✜❝❛♠ ❝❧❛r♦s ♦s ✐t❡♥s i) ❡ ii)✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s✉♣♦♥❤❛♠♦s q✉❡ H s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ i)✳ ▲♦❣♦✱ ♣❛r❛ q✉❛❧q✉❡r a ❡♠ H✱

t❡♠♦s a−1 ∈ H✳ ❆ss✐♠✱ e = a · a−1 ∈ H✱ ♦ q✉❡ ♥♦s ❧❡✈❛ ❛ ❝♦♥❝❧✉sã♦ q✉❡ H é s✉❜❣r✉♣♦ ❞❡ G✳

❋✐♥❛❧♠❡♥t❡✱ s❡ H s❛t✐s❢❛③ ii)✱ ❡♥tã♦ ❞❛❞♦s a, b ∈ H✱

e = b · b−1 ∈ H ⇒ b−1 = eb−1 ∈ H

❉❛í✱

a · b = a · (b−1)−1 ∈ H

P♦rt❛♥t♦✱ H é ✉♠ s✉❜❣r✉♣♦ ❞❡ G✳

✶✳✷✳✸ ●r✉♣♦s ❝í❝❧✐❝♦s

❉❡✜♥✐çã♦ ✶✳✸✸✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ a ∈ G✳

i) ❖ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ♣♦t❡♥❝✐❛s ❞❡ a✱ ❞❛❞♦ ♣♦r

H = {an : n ∈ Z}

é ✉♠ s✉❜❣r✉♣♦ ❞❡ G✱ ❡ ♦ ❝❤❛♠❛♠♦s ❞❡ s✉❜❣r✉♣♦ ❝í❝❧✐❝♦ ❣❡r❛❞♦ ♣♦r ❛❀
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◆♦t❛çã♦✳ H = 〈a〉✳

ii) ❉✐③❡♠♦s q✉❡ G é ✉♠ ❣r✉♣♦ ❝í❝❧✐❝♦ q✉❛♥❞♦ ❡①✐st❡ a ∈ G✱ ❝♦♠ G = 〈a〉✳

Pr♦♣♦s✐çã♦ ✶✳✸✹✳ ❚♦❞♦ ❣r✉♣♦ ❝í❝❧✐❝♦ é ❛❜❡❧✐❛♥♦✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ❝í❝❧✐❝♦ ❡ a ∈ G t❛❧ q✉❡

G = 〈a〉 = {an : n ∈ Z}.

❉❛❞♦s✱ x1✱ x2 ∈ G✱ ❞✐❣❛♠♦s x1 = an1 ❡ x2 = an2 ✱

x1 · x2 = an1 · an2 = an1+n2 = an2+n1 = an2 · an1 = x2 · x1.

❖✉ s❡❥❛✱ G é ❛❜❡❧✐❛♥♦✳

❚❡♦r❡♠❛ ✶✳✸✺✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ❡ a ∈ G✳

i) ❙❡ an = e ♣❛r❛ ❛❧❣✉♠ n ∈ N✱ ❡♥tã♦ O(a) ❞✐✈✐❞❡ n❀

ii) ❙❡ O(a) = m✱ ❡♥tã♦ ♣❛r❛ q✉❛❧q✉❡r k ∈ Z✱ ❡♥tã♦ ak = ar✱ ❝♦♠ r s❡♥❞♦ ♦ r❡st♦ ❞❛ ❞✐✈✐sã♦

❞❡ k ♣♦r m❀

iii) O(a) = m s❡✱ ❡ s♦♠❡♥t❡ s❡✱ | 〈a〉 |= m✳

❉❡♠♦♥str❛çã♦✿ i) ❈♦♠♦ an = e✱ ❡♥tã♦ a t❡♠ ♦r❞❡♠ ✜♥✐t❛✳ ❙❡❥❛ O(a) = m✱ ♣❡❧♦

❆❧❣♦r✐t♠♦ ❞❛ ❉✐✈✐sã♦✱ ❡①✐st❡♠ q, r ∈ Z t❛✐s q✉❡ n = mq + r ❝♦♠ 0 ≤ r < m✳ ▲♦❣♦✱

e = an = (am)q · ar = eq · ar ⇒ ar = e.

P❡❧❛ ♠✐♥✐♠❛❧✐❞❛❞❡ ❞❡ m✱ ❝♦♥❝❧✉í♠♦s q✉❡ r = 0✳ P♦rt❛♥t♦✱ n = mq❀

ii) ◆♦t❡ q✉❡ ♣❛r❛ ❝❛❞❛ k ∈ Z✱ k = mq+ r✱ ❝♦♠ q, r ∈ Z ❡ 0 ≤ r < m✳ P♦rt❛♥t♦✱ ♣❡❧♦ ✐t❡♠

i)✱ t❡♠♦s q✉❡ ak = ar✳

iii) ❙❡ O(a) = m✱ s❡❣✉❡ q✉❡ ♦s ❡❧❡♠❡♥t♦s e, a, a2, . . . , am−1 sã♦ t♦❞♦s ❞✐st✐♥t♦s✳ ❈♦♠ ❡❢❡✐t♦✱

s❡ ai = aj✱ ♣❛r❛ 0 ≤ i < j ≤ m − 1✱ ❡♥tã♦ aj−i = e✱ ❡ j − i < m✱ ♦ q✉❡ é ✉♠❛
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❝♦♥tr❛❞✐çã♦✱ ♣♦✐s O(a) = m✳ ❆❣♦r❛✱ s❡❥❛ H = 〈a〉✳ P❡❧♦ ✐t❡♠ ii)✱ s❛❜❡♠♦s q✉❡ ❞❛❞♦

k ∈ Z✱ ak = ar✱ s❡♥❞♦ r ∈ {0, 1, . . . ,m− 1}✳ P♦r ✐ss♦✱

H = 〈a〉 = {ak : k ∈ Z} = {ar : r = 0, 1, . . . ,m− 1}

t❡♠ ♦r❞❡♠ m✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s✉♣♦♥❤❛♠♦s q✉❡ H = 〈a〉 t❡♠ ♦r❞❡♠ ✜♥✐t❛✳ ■st♦ ♥♦s ❞✐③ q✉❡ ❛s

♣♦tê♥❝✐❛s ai✱ ❝♦♠ i ∈ Z✱ ♥ã♦ ♣♦❞❡♠ s❡r t♦❞❛s ❞✐st✐♥t❛s✳ P♦r ✐ss♦✱ ❡①✐st❡♠ i, j ∈ Z✱ ❝♦♠

i < j✱ ❞❡ ♠❛♥❡✐r❛ q✉❡ ai = aj✱ ✐st♦ é✱ aj−i = e✳ ▼❛s ✐ss♦ ✐♠♣❧✐❝❛ q✉❡ a t❡♠ ♦r❞❡♠ ✜♥✐t❛✱

❞✐❣❛♠♦s O(a) = m✳ ❆ss✐♠✱ ❝♦♠♦ ❞✐t♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ♦s ❡❧❡♠❡♥t♦s e, a, a2, . . . , am−1

sã♦ t♦❞♦s ❞✐st✐♥t♦s✳ P❡❧♦ ✐t❡♠ ii)

H = 〈a〉 = {ar : r = 0, 1, . . . ,m− 1} = {e, a, a2, . . . , am−1}

♦✉ s❡❥❛✱ ❛ ♦r❞❡♠ ❞❡ H é m✳

✶✳✷✳✹ ❈❧❛ss❡s ❧❛t❡r❛✐s ❡ ♦ ❚❡♦r❡♠❛ ❞❡ ▲❛❣r❛♥❣❡

❙❡❥❛ G ✉♠ ❣r✉♣♦ ❡ H ✉♠ s✉❜❣r✉♣♦ ❞❡ G✳ ❙❡❥❛ ❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ✏≡ (modH)✑

❞❛❞❛✱ ♣❛r❛ q✉❛✐sq✉❡r a, b ∈ G✱ ♣♦r

a ≡ b(modH) ⇔ a−1b ∈ H.

Pr♦♣♦s✐çã♦ ✶✳✸✻✳ ❆ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ ✉♠ ❡❧❡♠❡♥t♦ g ∈ G✱ r❡❧❛t✐✈❛ ❛ ❡st❛ r❡❧❛çã♦✱

é ❞❛❞❛ ♣♦r {gh : h ∈ H}.

❉❡♠♦♥str❛çã♦✿ ❉❛❞♦ g ∈ G✱ s❡❥❛ g ❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ g r❡❧❛t✐✈❛ à r❡❧❛çã♦ ≡✳ P♦r

❞❡✜♥✐çã♦✱ g = {x ∈ G : g ≡ x(modH)}✳ ❊♥tã♦✱ ♣❛r❛ x ∈ G✱

x ∈ g ⇔ g ≡ x(modH) ⇔ g−1x ∈ H,

♦✉ s❡❥❛✱ g−1x = h ∈ H ⇒ x = gh ∈ {gh : h ∈ H}✳ P♦rt❛♥t♦✱ g ⊂ {gh : h ∈ H}✳
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❙❡ x ∈ {gh : h ∈ H}✱ ❡♥tã♦ ❡①✐st❡ h ∈ H t❛❧ q✉❡ x = gh✱ ♦✉ s❡❥❛✱ g−1x = h✳ ❖ q✉❡

✐♠♣❧✐❝❛ q✉❡ g ≡ x(modH) ❡ ❛ss✐♠✱ x ∈ g✳ P♦rt❛♥t♦✱ {gh : h ∈ H} ⊂ g✳

❱❛♠♦s ❞❡♥♦t❛r ❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ g ♣♦r gH✱ ❡ ❛ ❝❤❛♠❛r❡♠♦s ❞❡ ❝❧❛ss❡ ❧❛t❡r❛❧ ❞❡

g à ❡sq✉❡r❞❛✳ ❆ss✐♠✱

gH = {gh : h ∈ H(modH)}.

❖ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❝❧❛ss❡s ❧❛t❡r❛✐s à ❡sq✉❡r❞❛ ❞❡ H✱ s❡rá ❞❡♥♦t❛❞♦ ♣♦r HE✱ ♦✉ s❡❥❛✱

HE = {gH : g ∈ G}.

❈♦♠♦ gH é ✉♠❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✱ ❡♥tã♦ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✷✼✱ t❡♠♦s✿

i) G =
⋃

g∈G

gH❀

ii) ❙❡ x, y ∈ G✱ ❡♥tã♦ xH ∩ yH = ∅ ♦✉ xH = yH✳

❉❡✜♥✐çã♦ ✶✳✸✼✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ H ✉♠ s✉❜❣r✉♣♦ ❞❡ G✳ ❆ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞♦ ❝♦♥❥✉♥t♦

HE ❝❤❛♠❛✲s❡ ❞❡ ♦ í♥❞✐❝❡ ❞❡ H ❡♠ G ❡ s❡rá ❞❡♥♦t❛❞♦ ♣♦r (G : H)✳

❚❡♦r❡♠❛ ✶✳✸✽✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❡ H ✉♠ s✉❜❣r✉♣♦ ❞❡ G✳ ❊♥tã♦✱ t♦❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧

à ❡sq✉❡r❞❛ t❡♠ ❛ ♠❡s♠❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞❡ ❍✳

❉❡♠♦♥str❛çã♦✿ P❛r❛ ❝❛❞❛ g ∈ G✱ ❝♦♥s✐❞❡r❡♠♦s ❛ ❢✉♥çã♦

f :H → gH

h 7→ gh.

➱ ❝❧❛r♦ q✉❡ f é s♦❜r❡❥❡t♦r❛✷✳ ❆❧é♠ ❞✐ss♦✱ ❞❛❞♦s h1, h2 ∈ H ✱ ♦❜t❡♠♦s

f(h1) = f(h2) ⇒ gh1 = gh2 ⇒ h1 = h2.

▲♦❣♦ f é ✐♥❥❡t♦r❛✸✱ ❡ ♣♦rt❛♥t♦✱ ❜✐❥❡t♦r❛✹✳ ❆ss✐♠ ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞❡ gH é ❛ ♠❡s♠❛ ❞❡ H✳

✷❉✐③❡♠♦s q✉❡ ✉♠❛ ❢✉♥çã♦ f q✉❛❧q✉❡r é s♦❜r❡❥❡t♦r❛ s❡ ❛ ✐♠❛❣❡♠ ❞❡ f ❢♦r ✐❣✉❛❧ ❛♦ ❝♦♥tr❛❞♦♠í♥✐♦ ❞❡ f ✱ ♦✉
s❡❥❛✱ s❡ Im(f) = CD(f)✳

✸❉✐③❡♠♦s q✉❡ ✉♠❛ ❢✉♥çã♦ f q✉❛❧q✉❡r é ✐♥❥❡t♦r❛ s❡ ♣❛r❛ t♦❞♦ x, y ∈ D(f)✱ t❡♠✲s❡ f(x) = f(y) ⇒ x = y✳
✹❯♠❛ ❢✉♥çã♦ é ❜✐❥❡t♦r❛ q✉❛♥❞♦ ❡❧❛ é ✐♥❥❡t♦r❛ ❡ s♦❜r❡❥❡t♦r❛✳
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❚❡♦r❡♠❛ ✶✳✸✾ ✭❚❡♦r❡♠❛ ❞❡ ▲❛❣r❛♥❣❡✮✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❡ H ✉♠ s✉❜❣r✉♣♦ ❞❡ G✳

❊♥tã♦✱ ❛ ♦r❞❡♠ ❞❡ H ❞✐✈✐❞❡ ❛ ♦r❞❡♠ ❞❡ G✳ ❊s♣❡❝✐✜❝❛♠❡♥t❡✱

|G| = |H| · (G : H).

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ G é ✜♥✐t♦✱ ❡♥tã♦ (G : H) t❛♠❜é♠ ♦ é✱ ❞✐❣❛♠♦s (G : H) = r✳ ❙❡❥❛

HE = {a1H, a2H, . . . , arH}. ❈♦♠♦ HE é ✉♠❛ ♣❛rt✐çã♦ ❞❡ G✱ ❡♥tã♦

⋃̇r

i=1
aiH

❉❡ss❡ ♠♦❞♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✽✱ t❡♠♦s

|G| = |H|+ |H|+ . . .+ |H|
︸ ︷︷ ︸

r vezes

= |H| · r,

♦✉ s❡❥❛✱ |G| = |H| · (G : H)✳

❈♦r♦❧ár✐♦ ✶✳✹✵✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❡ g ∈ G✳ ❊♥tã♦✱ ❛ ♦r❞❡♠ ❞❡ g ❞✐✈✐❞❡ ❛ ♦r❞❡♠ ❞❡

G✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ g|G| = e.

❉❡♠♦♥str❛çã♦✿ P❡❧♦ ✐t❡♠ iii) ❞♦ ❚❡♦r❡♠❛ ✶✳✸✺✱ t❡♠♦s q✉❡ O(g) = | 〈g〉 |✳ ▲♦❣♦✱ ❛♣❧✐❝❛♥❞♦
♦ ❚❡♦r❡♠❛ ❞❡ ▲❛❣r❛♥❣❡ ❛♦ s✉❜❣r✉♣♦ | 〈g〉 |✱ s❡❣✉❡ q✉❡ O(g) = λ ❞✐✈✐❞❡ |G|✳ P♦rt❛♥t♦ ❡①✐st❡

k ∈ N t❛❧ q✉❡ |G| = λ · k✳ ❆ss✐♠✱

g|G| = gλ·k = (gλ)k = ek = e.

✶✳✸ ❆❧❣✉♥s ❝♦♥❝❡✐t♦s t♦♣♦❧ó❣✐❝♦s

❱❛♠♦s ❞❡✜♥✐r ♦ q✉❡ é ✉♠❛ t♦♣♦❧♦❣✐❛ s♦❜r❡ ✉♠ ❝♦♥❥✉♥t♦ ❡ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ✐♠♣♦r✲

t❛♥t❡s✳ P❛r❛ ♠❛✐s ✐♥❢♦r♠❛çõ❡s ❝♦♥s✉❧t❡ ❬✻❪✳

❉❡✜♥✐çã♦ ✶✳✹✶✳ ❙❡❥❛ X ✉♠ ❝♦♥❥✉♥t♦ ❡ T ✉♠❛ ❝♦❧❡çã♦ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ X✳ ❉✐③❡♠♦s q✉❡

T é ✉♠❛ t♦♣♦❧♦❣✐❛ ❡♠ X✱ s❡ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s
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i) ∅ ❡ X ❡stã♦ ❡♠ T ❀

ii) ❆ ✉♥✐ã♦ q✉❛❧q✉❡r ❞❡ ❡❧❡♠❡♥t♦s ❞❡ T ❛✐♥❞❛ ♣❡rt❡♥❝❡ ❛ T ❀

iii) ❆ ✐♥t❡rs❡çã♦ ✜♥✐t❛ ❞❡ q✉❛✐sq✉❡r ❡❧❡♠❡♥t♦s ❞❡ X ♣❡rt❡♥❝❡ ❛ T ✳

❯♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦✱ é ✉♠ ♣❛r (X, T )✱ ♦♥❞❡ X é ✉♠ ❝♦♥❥✉♥t♦ ❡ T é ✉♠❛ t♦♣♦❧♦❣✐❛

❡♠ X✳ ❉❡s❞❡ q✉❡ ♥ã♦ ❤❛❥❛ ❝♦♥❢✉sã♦✱ ❝❤❛♠❛r❡♠♦s ❞❡ X ♦ ❡s♣❛ç♦ (X, T )✳ ❈❛❞❛ ❡❧❡♠❡♥t♦ ❞❡

T é ❝❤❛♠❛❞♦ ❞❡ ❝♦♥❥✉♥t♦ ❛❜❡rt♦✳

❊①❡♠♣❧♦ ✶✳✹✷✳ ❙❡❥❛ X ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠ 3 ❡❧❡♠❡♥t♦s X = {a, b, c}✱ ❡ t♦♠❡ T = {{a, b}, {b}, {b, c}, ∅, X}✳
➱ ❢á❝✐❧ ✈❡r q✉❡ T é ✉♠❛ t♦♣♦❧♦❣✐❛ s♦❜r❡ X✳ ❚♦♠❡ ❛❣♦r❛ T = {{a}, {b}, ∅, X}✳ ❖❜s❡r✈❡ q✉❡

❛ ✉♥✐ã♦ ❞❡ ❞♦✐s s✉❜❝♦♥❥✉♥t♦s ❞❡ T ♥❡♠ s❡♠♣r❡ é ❛❜❡rt❛✱ ♣♦✐s {a} ∪ {b} = {a, b} 6∈ T ✳

❊①❡♠♣❧♦ ✶✳✹✸✳ ❙❡❥❛ X ✉♠ ❝♦♥❥✉♥t♦ q✉❛❧q✉❡r✳ ❆ ❝♦❧❡çã♦ ❞❡ t♦❞♦s ♦s s✉❜❝♦♥❥✉♥t♦s ❞❡ X

é ❝❧❛r❛♠❡♥t❡ ✉♠❛ t♦♣♦❧♦❣✐❛ s♦❜r❡ X✳ ❈❤❛♠❛♠♦s ❡ss❛ t♦♣♦❧♦❣✐❛ ❞❡ t♦♣♦❧♦❣✐❛ ❞✐s❝r❡t❛✳ ❆

❝♦❧❡çã♦ ∅ ❡ X✱ é t❛♠❜é♠ ✉♠❛ t♦♣♦❧♦❣✐❛ ❡ é ❝❤❛♠❛❞❛ ❞❡ t♦♣♦❧♦❣✐❛ tr✐✈✐❛❧✳

❊①❡♠♣❧♦ ✶✳✹✹✳ ❙❡❥❛ X = R ❡ t♦♠❡ ❛ s❡❣✉✐♥t❡ ❝♦❧❡çã♦ ✿

T = {∅, A ⊂ R},

♦♥❞❡ A ∈ T s❡✱ ❡ s♦♠❡♥t❡ s❡ ♣❛r❛ t♦❞♦ x ∈ A ❡①✐st❡ ✉♠ ✐♥t❡r✈❛❧♦ ❛❜❡rt♦ (a, b) t❛❧ q✉❡

x ∈ (a, b) ⊂ A.

❆✜r♠❛çã♦✳ T é ✉♠❛ t♦♣♦❧♦❣✐❛ s♦❜r❡ R.

i) ❈❧❛r❛♠❡♥t❡ ∅ ❡ R ∈ T ❀

ii) ❙❡ t♦♠❛r♠♦s {Aα ∈ T : α ∈ Γ}✱ ❡♥tã♦

⋃

α∈Γ

Aα ∈ T .

❉❡ ❢❛t♦✱ s❡ x ∈
⋃

α∈Γ

Aα✱ ❡♥tã♦ ❡①✐st❡ α0 ∈ Γ t❛❧ q✉❡ x ∈ Aα0
∈ T ✳ ▲♦❣♦ ❡①✐st❡ (a, b) ❡✿

x ∈ (a, b) ⊂ Aα0
⊂
⋃

α∈Γ

Aα;
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iii) ❙❡❥❛♠ B1 ❡ B2 ∈ T ✳ ❉❛❞♦ x ∈ B1 ∩ B2✱ t❡♠♦s q✉❡ x ∈ B1 ∈ T ❡ x ∈ B2 ∈ T ✱ ❧♦❣♦

❡①✐st❡♠ (a1, b1) ❡ (a2, b2) t❛✐s q✉❡ x ∈ (a1, b1) ⊂ B1 ❡ x ∈ (a2, b2) ⊂ B2✳ ❙❡ ❞❡♥♦t❛r♠♦s

♣♦r a = max{a1, a2} ❡ b = min{b1, b2}✱ ❡♥tã♦ x ∈ (a, b) ⊂ B1 ∩ B2.

❉❡✜♥✐çã♦ ✶✳✹✺✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ A ❞❡ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ X é ❞✐t♦ ✉♠ ❈♦♥❥✉♥t♦ ❋❡✲

❝❤❛❞♦✱ s❡ X − A✺ é ✉♠ ❈♦♥❥✉♥t♦ ❆❜❡rt♦✳

❚❡♦r❡♠❛ ✶✳✹✻✳ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦✳ ❊♥tã♦

i) ∅ ❡ X sã♦ ❝♦♥❥✉♥t♦s ❢❡❝❤❛❞♦s❀

ii) ❯♠❛ ✐♥t❡rs❡çã♦ q✉❛❧q✉❡r ❞❡ ❝♦♥❥✉♥t♦s ❢❡❝❤❛❞♦s é ❢❡❝❤❛❞❛❀

iii) ❯♠❛ ✉♥✐ã♦ ✜♥✐t❛ ❞❡ ❝♦♥❥✉♥t♦s ❢❡❝❤❛❞♦s é ❢❡❝❤❛❞❛✳

❉❡♠♦♥str❛çã♦✿ i) ❖ ❝♦♠♣❧❡♠❡♥t❛r ❞❡ ∅ é X ❡ ♦ ❝♦♠♣❧❡♠❡♥t❛r ❞❡ X é ∅✳ ❆♠❜♦s sã♦

❝♦♥❥✉♥t♦s ❛❜❡rt♦s✱ ♣♦rt❛♥t♦✱ ∅ ❡ X sã♦ ❝♦♥❥✉♥t♦s ❢❡❝❤❛❞♦s❀

ii) ❉❛❞❛ ✉♠❛ ❝♦❧❡çã♦ ❞❡ ❝♦♥❥✉♥t♦s ❢❡❝❤❛❞♦s {Aj}j∈λ✱ t❡♠♦s q✉❡

X −
⋂

j∈λ

Aj =
⋃

j∈λ

(X − Aj).

❈♦♠♦ X −Aj é ❛❜❡rt♦ ♣❛r❛ t♦❞♦ j ∈ λ✱ ❡♥tã♦
⋃

j∈λ

(X −Aj) é ❛❜❡rt♦ ❡ ♣♦rt❛♥t♦✱
⋂

j∈λ

Aj

é ❢❡❝❤❛❞♦❀

ii) ❙❡❥❛♠ A1, A2, . . . , An✱ ❝♦♠ n ∈ N✱ t❡♠♦s

X −
n⋃

j=1

Aj =
n⋂

j=1

(X − Aj).

❉❡ ❢♦r♠❛ s✐♠✐❧❛r ❛♦ ✐t❡♠ ii)✱ ❝♦♠♦ ❝❛❞❛ Aj é ❢❡❝❤❛❞♦✱ ❡♥tã♦ (X − Aj) é ❛❜❡rt♦ ❡

♣♦rt❛♥t♦
n⋂

j=1

(X − Aj) é ❛❜❡rt♦✳ ❆ss✐♠✱
n⋃

j=1

Aj é ❢❡❝❤❛❞♦✳

✺X −A é ♦ ❝♦♠♣❧❡♠❡♥t❛r ❞❡ A ❡♠ r❡❧❛çã♦ ❛ X✳



❈❛♣ít✉❧♦ ✷

❉❡③ ❞❡♠♦♥str❛çõ❡s ❞❛ ✐♥✜♥✐t✉❞❡ ❞♦s

♥ú♠❡r♦s ♣r✐♠♦s

❖ ❚❡♦r❡♠❛ ❞❡ ❊✉❝❧✐❞❡s✱ ❡♥✉♥❝✐❛❞♦ ❛ s❡❣✉✐r✱ s❡rá ❞❡♠♦♥str❛❞♦ ❞❡ ❞❡③ ❢♦r♠❛s ❞✐❢❡r❡♥t❡s ❛♦

❞❡❝♦rr❡r ❞❡ss❡ ❝❛♣ít✉❧♦✳

❚❡♦r❡♠❛ ✷✳✶✳ ❖ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ♣r✐♠♦s ♣♦ss✉✐ ✐♥✜♥✐t♦s ❡❧❡♠❡♥t♦s✳

✷✳✶ ❉❡♠♦♥str❛çõ❡s ♥♦ ❝❛♠♣♦ ❞❛ t❡♦r✐❛ ❞♦s ♥ú♠❡r♦s

❆ ❞❡♠♦♥str❛çã♦ ❞❛❞❛ ♣♦r ❊✉❝❧✐❞❡s✱ é ❛ ♠❛✐s ❝♦♥❤❡❝✐❞❛ ♣❡❧♦s ♠❛t❡♠át✐❝♦s ❞❡ t♦❞♦ ♦

♠✉♥❞♦✳ ◆❛ Pr♦♣♦s✐çã♦ 20✱ ❞♦ ✈♦❧✉♠❡ 9 ❞❡ ❬✷❪✱ ❊✉❝❧✐❞❡s ❢❛③ ❛ s❡❣✉✐♥t❡ ❞❡♠♦♥str❛çã♦✿

✸✷
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✧❖s ♥ú♠❡r♦s ♣r✐♠♦s sã♦ ♠❛✐s ♥✉♠❡r♦s♦s ❞♦ q✉❡ t♦❞❛
q✉❛♥t✐❞❛❞❡ q✉❡ t❡♥❤❛ s✐❞♦ ♣r♦♣♦st❛ ❞❡ ♥ú♠❡r♦s ♣r✐✲
♠♦s✳
❙❡❥❛♠ ♦s ♥ú♠❡r♦s ♣r✐♠♦s q✉❡ t❡♥❤❛♠ s✐❞♦ ♣r♦♣♦st♦s
A✱B✱ C❀ ❞✐❣♦ q✉❡ ♦s ♥ú♠❡r♦s ♣r✐♠♦s s❡❥❛♠ ♠❛✐s ♥✉♠❡✲
r♦s♦s ❞♦ q✉❡ ♦s A✱B✱ C✳ ❋✐q✉❡✱ ♣♦✐s✱ t♦♠❛❞♦ ♦ ♠❡♥♦r
♠❡❞✐❞♦ ♣❡❧♦s A✱B✱ C ❡ s❡❥❛ ♦ DE✱ ❡ ✜q✉❡ ❛❝r❡s❝✐❞❛
❛ ✉♥✐❞❛❞❡ DF ❛♦ DE✳ ❊♥tã♦✱ ♦ EF ♦✉ é ♣r✐♠♦ ♦✉
♥ã♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ s❡❥❛ ♣r✐♠♦❀ ♣♦rt❛♥t♦✱ ♦s ♥ú♠❡r♦s
♣r✐♠♦s A✱B✱ C✱ EF ❛❝❤❛❞♦s sã♦ ♠❛✐s ♥✉♠❡r♦s♦s ❞♦
q✉❡ ♦s A✱B✱ C✳ ▼❛s✱ ❡♥tã♦✱ ♥ã♦ s❡❥❛ ♣r✐♠♦ ♦ EF ❀ ♣♦r✲
t❛♥t♦✱ é ♠❡❞✐❞♦ ♣♦r ❛❧❣✉♠ ♥ú♠❡r♦ ♣r✐♠♦✳ ❙❡❥❛ ♠❡❞✐❞♦
♣❡❧♦ ♣r✐♠♦ G❀ ❞✐❣♦ q✉❡ ♦ G ♥ã♦ é ♦ ♠❡s♠♦ q✉❡ ❛❧❣✉♠
❞♦s A✱B✱ C✳ P♦✐s✱ s❡ ♣♦ssí✈❡❧✱ s❡❥❛✳ ▼❛s ♦s A✱B✱ C
♠❡❞❡♠ ♦ DE❀ ♣♦rt❛♥t♦✱ ♦ G t❛♠❜é♠ ♠❡❞✐rá ♦ DE✳ ❊
t❛♠❜é♠ ♠❡❞❡ ♦ EF ❀ ❡ ♦ G✱ s❡♥❞♦ ✉♠ ♥ú♠❡r♦✱ ♠❡❞✐rá
❛ ✉♥✐❞❛❞❡ DF r❡st❛♥t❡❀ ♦ q✉❡ é ❛❜s✉r❞♦✳ P♦rt❛♥t♦✱ ♦
G ♥ã♦ é ♦ ♠❡s♠♦ q✉❡ ❛❧❣✉♠ ❞♦s A B✱ C✳ ❊ ❢♦✐ s✉♣♦st♦
♣r✐♠♦✳ P♦rt❛♥t♦✱ ♦s ♥ú♠❡r♦s ♣r✐♠♦s ❛❝❤❛❞♦s✱ A✱B✱ C✱
G sã♦ ♠❛✐s ♥✉♠❡r♦s♦s ❞♦ q✉❡ ❛ q✉❛♥t✐❞❛❞❡ q✉❡ t❡♥❤❛
s✐❞♦ ♣r♦♣♦st❛ ❞♦s A✱B✱ C❀ ♦ q✉❡ ❡r❛ ♣r❡❝✐s♦ ♣r♦✈❛r✳✧

❆♣r❡s❡♥t❛❞❛ ❞❡ss❛ ❢♦r♠❛ ❡❧❛ é tr❛❜❛❧❤♦s❛ ❞❡ s❡ ❡♥t❡♥❞❡r✱ ❞❡✈✐❞♦ á ❧✐♥❣✉❛❣❡♠ ✉t✐❧✐③❛❞❛✳

❆ss✐♠✱ ❛ ♠❡s♠❛ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ t❡r ✉♠❛ r❡❧❡✐t✉r❛ ❞❡ ❢♦r♠❛ ♠❛✐s ❝❧❛r❛✱ ✉t✐❧✐③❛♥❞♦ ✉♠❛

❧✐♥❣✉❛❣❡♠ ♠❛t❡♠át✐❝❛ ♠❛✐s ❛t✉❛❧✱ ❝♦♠♦ ✈❡r❡♠♦s ❛ s❡❣✉✐r✳ ❊ss❛ ❞❡♠♦♥str❛çã♦ ✉t✐❧✐③❛ ❛♣❡✲

♥❛s ♦s ❝♦♥❝❡✐t♦s ❞❡ ❞✐✈✐s✐❜✐❧✐❞❛❞❡ ❞❛ ❚❡♦r✐❛ ❞♦s ◆ú♠❡r♦s✱ ✈✐st♦s ♥❛ s❡çã♦ ✶✳✶✳✸✱ ❡ ♣♦❞❡ s❡r

❡♥❝♦♥tr❛❞❛ ❡♠ ❬✽❪✳

❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✳ ❙✉♣♦♥❤❛ q✉❡ ❤á ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❡❧❡♠❡♥t♦s ♥♦ ❝♦♥✲

❥✉♥t♦ P ❞♦s ♥ú♠❡r♦s ♣r✐♠♦s✱ ♦✉ s❡❥❛✱ P = {p1, p2, . . . , pk}✳ ❚♦♠❡ ♦ ♥ú♠❡r♦ ✐♥t❡✐r♦

P = p1 · p2 · . . . · pk + 1.

❈♦♠♦ P 6= pi, i = 1, 2, . . . , k✱ ❡♥tã♦ ❡①✐t❡ p ♣r✐♠♦✱ ❝♦♠ p | P ✳ ▼❛s p = pi✱ ♣❛r❛ ❛❧❣✉♠

i = 1, 2, . . . , k✳ ❆ss✐♠✱

p | (P − p1 · p2 · . . . · pk)

♦✉ s❡❥❛✱ p | 1✳ ❆❜s✉r❞♦✦ P♦rt❛♥t♦✱ ❤á ✉♠❛ ✐♥✜♥✐❞❛❞❡ ❞❡ ♥ú♠❡r♦s ♣r✐♠♦s✳

❆ s❡❣✉♥❞❛ ❞❡♠♦♥str❛çã♦✱ s❡♠❡❧❤❛♥t❡ à ❞❡ ❊✉❝❧✐❞❡s✱ é ❛tr✐❜✉í❞❛ ❛ ▼étr♦❞ ✭✶✾✶✼✮ ❡ t❛♠❜é♠

✉t✐❧✐③❛ ❢❡rr❛♠❡♥t❛s s✐♠♣❧❡s ❞❛ t❡♦r✐❛ ❞♦s ♥ú♠❡r♦s✱ ❝♦♠♦ ♦ ❝♦♥❝❡✐t♦ ❞❡ ❞✐✈✐s✐❜✐❧✐❞❛❞❡✳

❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✳ ❙✉♣♦♥❤❛ q✉❡ p1 < p2 < . . . < pk✱ é ❛ ❧✐st❛ ❞♦s ❦ ♥ú♠❡r♦s
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♣r✐♠♦s ❡①✐st❡♥t❡s✳ ❙❡❥❛

N = p1 · p2 · . . . · pk

❡ ♣❛r❛ ❝❛❞❛ i = 1, 2, . . . , k ❝♦♥s✐❞❡r❡

Qi =
N

pi
= p1 · p2, · . . . · pi−1 · pi+1 · . . . · pk.

❖❜s❡r✈❡ q✉❡ pi ♥ã♦ ❞✐✈✐❞❡ Qi✱ ♠❛s ❞✐✈✐❞❡ Qj ♣❛r❛ j 6= i✳

❙❡❥❛

S =
k∑

j=1

Qj.

❈♦♠♦

S = p2 · . . . · pn + . . .+ p1 · . . . · pi−1 · pi+1 · . . . · pn + · . . . ·+p1 · p2 · . . . · pn−1,

❡♥tã♦ S é ♠❛✐♦r q✉❡ ❝❛❞❛ pi✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ S ♥ã♦ é ♥❡♥❤✉♠ ❞♦s pi✳ P❡❧♦ ❚❡♦r❡♠❛ ✶✳✶✻✱

❛❧❣✉♠ pi ❞✐✈✐❞❡ S✱ ❝♦♠ i = 1, 2, . . . , k✳ ❆ss✐♠✱

pi | (S −
∑

j 6=i

Qj) ⇐⇒ pi | Qi

❖ q✉❡ é ✉♠ ❛❜s✉r❞♦✦

❑✉♠♠❡r ✭✶✽✼✸✮✱ ✉t✐❧✐③♦✉ ✉♠ ❢❛t♦ ❝♦♥❤❡❝✐❞♦ ❞❡ s✐♠♣❧❡s ✈❡r✐✜❝❛çã♦✱ q✉❡ ❞✐③ q✉❡ t♦❞♦ ♣❛r ❞❡

✐♥t❡✐r♦s ♣♦s✐t✐✈♦s ❝♦♥s❡❝✉t✐✈♦s sã♦ ♣r✐♠♦s ❡♥tr❡ s✐✱ ♣❛r❛ s❡ ❝♦♥❝❧✉✐r ❛ ✐♥✜♥✐t✉❞❡ ❞♦s ♥ú♠❡r♦s

♣r✐♠♦s✳

▲❡♠❛ ✷✳✷✳ P❛r❛ t♦❞♦ n > 2 ✐♥t❡✐r♦ ♣♦s✐t✐✈♦✱ (n, n − 1) = 1✳ ❊♠ ♣❛rt✐❝✉❧❛r s❡ n =

p1p2, . . . pk > 2✱ ❡♥tã♦ ❞❡✈❡ ❡①✐st✐r p 6= p1✱ ♣❛r❛ t♦❞♦ i = 1, . . . , k✱ t❛❧ q✉❡ p | (n− 1)✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛♠♦s q✉❡ (n, n − 1) = d 6= 1✳ ❈♦♠♦ n = (n − 1) · 1 + 1✱ ♣❡❧❛

Pr♦♣♦s✐çã♦ ✶✳✶✶✱ (n, n − 1) = (n − 1, 1) ▲♦❣♦✱ d = 1✳ ❆❜s✉r❞♦✦ ❊♠ P❛rt✐❝✉❧❛r✱ ♣❛r❛ n =

p1p2 . . . pk > 2✱ t❡♠♦s q✉❡✱ ❝♦♠♦ (n, n − 1) = 1✱ s❡ pi | n ⇒ pi ∤ (n − 1), i = 1, . . . , k✳ ❊♥tã♦

t❡♠♦s ❞✉❛s ♦♣çõ❡s ♣❛r❛ n − 1✿ ❖✉ n − 1 é ♣r✐♠♦✱ ♦✉ ❡❧❡ é ❝♦♠♣♦st♦✳ ❈♦♠♦ ❣❛r❛♥t❡ ♦

❚❡♦r❡♠❛ ✶✳✶✻✱ ❡①✐st❡ ✉♠ p ♣r✐♠♦ ❞✐❢❡r❡♥t❡ ❞❡ t♦❞♦ pi✱ ∀i = 1, . . . , k t❛❧ q✉❡ p | (n− 1)✳
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❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✳ ❙❡❥❛♠ p1, p2, . . . , pk t♦❞♦s ♦s ♣r✐♠♦s ❡ n = p1·p2·. . .·pk >
2✳ ❈♦♠♦ (n, n− 1) = 1 ❡ ❡①✐st❡ p 6= pi t❛❧ q✉❡ p | (n− 1)✱ ❡♥tã♦ ♣❡❧♦ ▲❡♠❛ ✷✳✷✱ p é ✉♠ ♣r✐♠♦

❞✐❢❡r❡♥t❡ ❞❡ t♦❞♦s ♦s pi✳ ❆❜s✉r❞♦✦

✷✳✷ ❆ ❞❡♠♦♥str❛çã♦ ❞❡ ❚❤✉❡

❆q✉✐✱ t❡♠♦s ✉♠❛ ✈❛r✐❛çã♦ ❞❛ ❞❡♠♦♥str❛çã♦ ❞❡ ❚❤✉❡ ✭✶✽✾✼✮✱ ✉♠ ♣♦✉❝♦ ♠❛✐s r✐❝❛s ❡♠

❞❡t❛❧❤❡s✱ ♦♥❞❡ ✈❡♠♦s ❛ ✉t✐❧✐③❛çã♦ ❞❡ ❝♦♥❝❡✐t♦s ❞❡ ❧♦❣❛r✐t♠♦s✱ ❡ ❢✉♥çõ❡s✳

▲❡♠❛ ✷✳✸✳ ❋✐①❛❞♦ n ∈ N✱ ❡①✐st❡ k s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❛❧ q✉❡ 2k > (k + 1)n✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ ❛s ❢✉♥çõ❡s f(x) = 2x ❡ g(x) = (x+ 1)n✳ ❱❛♠♦s ♠♦str❛r q✉❡

lim
x→+∞

f(x)

g(x)
= +∞.

❯s❛♥❞♦ ❛s ❘❡❣r❛s ❞❡ ❧✬❍ô♣✐t❛❧✶✱ t❡♠♦s✿

lim
x→+∞

f(x)

g(x)
= lim

x→+∞

2x

(x+ 1)n

= lim
x→+∞

ln 2 · ex·ln 2

(n) · (x+ 1)n−1

= . . .

= lim
x→+∞

(ln 2)n−1 · ex·ln 2

(n)! · (x+ 1)

= lim
x→+∞

(ln 2)n · ex·ln 2

(n)!

=
(ln 2)n

(n)!
· lim
x→+∞

ex·ln 2 = +∞.

✶❆s ❘❡❣r❛s ❞❡ ❧✬❍ô♣✐t❛❧ sã♦ ❢❡rr❛♠❡♥t❛s ❞♦ ❝á❧❝✉❧♦ q✉❡ ❛✉①✐❧✐❛♠ ♥♦ ❝á❧❝✉❧♦ ❞❡ ❧✐♠✐t❡s ❞❡ ❢✉♥çõ❡s✱ ♦♥❞❡
❛♣❛r❡❝❡♠ ✐♥❞❡t❡r♠✐♥❛çõ❡s ♠❛t❡♠át✐❝❛s ❞♦ t✐♣♦ ∞

∞
♦✉ 0

0
✳ ❊❧❛s ❞✐③❡♠ q✉❡ s❡ lim

x→p
f(x) = +∞ ❡ lim

x→p
g(x) = +∞✱

❡♥tã♦✿

lim
x→p

f(x)

g(x)
= lim

x→p

f ′(x)

g′(x)
.
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❆ss✐♠✱ ♣❛r❛ t♦❞♦ A > 0✱ ❡①✐st❡ B > 0 t❛❧ q✉❡

x > B ⇒ 2x

(x+ 1)n
> A.

❊♠ ♣❛rt✐❝✉❧❛r✱ t♦♠❡ A = 1✱ ❧♦❣♦ 2x > (x+ 1)n✳

❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✳ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❛ ✉♠ t♦t❛❧ ❞❡ n ♣r✐♠♦s p1 = 2, p2, . . . , pn✳

❚♦♠❡ ❦ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❛❧ q✉❡ 2k > (k+1)n✳ ❈♦♥s✐❞❡r❡ ❛ ❢✉♥çã♦ f : {1, 2, . . . , 2k} −→
{0, 1, . . . , k}n ❞❡✜♥✐❞❛ ♣♦r f(x) := (e1, e2, . . . , en)✱ ♦♥❞❡ x = pe11 · pe22 · . . . · penn ✳ P❡❧♦ ❚❡✲

♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❆r✐t♠ét✐❝❛ ✭❚❋❆✮✱ t♦❞♦ ♥ú♠❡r♦ ♥❛t✉r❛❧ ♣♦❞❡ s❡r ❡s❝r✐t♦ ♥❛ ❢♦r♠❛

pe11 ·pe22 · . . . ·penn ✳ ▲♦❣♦ ❛ ❢✉♥çã♦ ❡st❛ ❜❡♠ ❞❡✜♥✐❞❛✳ ❘❡st❛✲♥♦s s❛❜❡r s❡ f(x) ∈ {0, . . . k}n ♣❛r❛

t♦❞♦ x ❞♦ ❞♦♠í♥✐♦✳

❈♦♠♦ x 6 2k✱ t❡♠♦s q✉❡

k = log 2k > log x = log (pe11 · pe22 · . . . · penn )

= e1 · log p1 + e2 · log p2 + . . .+ en · log pn
> e1 + e2 + . . .+ en

> max{e1, e2, . . . , en}

♦♥❞❡ ♦ ❧♦❣❛r✐t♠♦ ❛❝✐♠❛ é t♦♠❛❞♦ ♥❛ ❜❛s❡ ✷✳ ▲♦❣♦ 0 6 ei 6 k✱ ❝♦♠ i = 1, 2, . . . , k✳P♦rt❛♥t♦

f(x) ∈ {0, . . . k}n✳ P❡❧♦ ❚❋❆ ❡ ❛ss✉♠✐♥❞♦ ❛ ❡①✐stê♥❝✐❛ ❞❡ ❛♣❡♥❛s n ♣r✐♠♦s✱ ✜❝❛ ❝❧❛r❛ ❛

✐♥❥❡t✐✈✐❞❛❞❡ ❞❛ ❢✉♥çã♦✱ ✉♠❛ ✈❡③ q✉❡ s❡ ❞♦✐s ♥ú♠❡r♦s ♣♦ss✉❡♠ ♦s ♠❡s♠♦s ❡①♣♦❡♥t❡s ❡♠ s✉❛

❢❛t♦r❛çã♦✱ ❡❧❡s sã♦ ✐❣✉❛✐s✳ P♦ré♠✱ ❡♥❝♦♥tr❛♠♦s ✉♠❛ ❢✉♥çã♦ ✐♥❥❡t✐✈❛ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠

❝❛r❞✐♥❛❧✐❞❛❞❡ 2k ❡♠ ✉♠ ♦✉tr♦ ❝♦♥❥✉♥t♦ ❝♦♠ ❝❛r❞✐♥❛❧✐❞❛❞❡ (k + 1)n✳ P♦rt❛♥t♦✱

2k 6 (k + 1)n.

❆❜s✉r❞♦✦

✷✳✸ ❆ ❞❡♠♦♥str❛çã♦ ❞❡ ●♦❧❞❜❛❝❤

●♦❧❞❜❛❝❤✱ ❡♠ ✉♠❛ ❝❛rt❛ ❛ ❊✉❧❡r✱ ❞❛t❛❞❛ ❞❡ ✷✵✴✸✶ ❞❡ ❥✉❧❤♦ ❞❡ ✶✼✸✵✱ ❢❡③ ✉♠❛ ❞❡♠♦♥str❛çã♦

❞❛ ✐♥✜♥✐❞❛❞❡ ❞❡ ♥ú♠❡r♦s ♣r✐♠♦s✱ ❡♥❝♦♥tr❛♥❞♦ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♥ú♠❡r♦s t❛✐s q✉❡ ❞♦✐s ❛ ❞♦✐s
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sã♦ ♣r✐♠♦s ❡♥tr❡ s✐✳ ❆ ✜♠ ❞❡ss❡ ♦❜❥❡t✐✈♦✱ ❡❧❡ ❢❡③ ✉s♦ ❞♦s ♥ú♠❡r♦s ❞❡ ❋❡r♠❛t✱ ♣❛r❛ ♠♦str❛r q✉❡✱

❝♦♠♦ ❡❧❡s sã♦ ❞♦✐s ❛ ❞♦✐s ♣r✐♠♦s ❡♥tr❡ s✐✱ ❡♥tã♦ s❛t✐s❢❛③❡♠ ❛ ❝♦♥❞✐çã♦ ♣r♦❝✉r❛❞❛✱ ❝♦♠♣r♦✈❛♥❞♦

♦ r❡s✉❧t❛❞♦✳

❉❡✜♥✐çã♦ ✷✳✹✳ ❯♠ ♥ú♠❡r♦ ❞❛ ❢♦r♠❛ Fn = 22
n

+ 1 é ❝❤❛♠❛❞♦ ❞❡ ♥ú♠❡r♦ ❞❡ ❋❡r♠❛t✳

▲❡♠❛ ✷✳✺✳ F0 · F1 · . . . · Fn−1 = Fn − 2.

❉❡♠♦♥str❛çã♦✿ P❛r❛ ✐ss♦ ✉t✐❧✐③❛r❡♠♦s ✐♥❞✉çã♦ ✜♥✐t❛ ♥❛ ♣r✐♠❡✐r❛ ❢♦r♠❛ P❛r❛ n = 1✱ t❡♠♦s✿

F0 = 22
0

+ 1 = 3 = 4 + 1− 2 = 22
1

+ 1− 2 = F1 − 2.

❙✉♣♦♥❤❛ q✉❡ F0 · F1 · . . . · Fn−1 = Fn − 2✳ ❊♥tã♦✱

F0 · F1 · . . . · Fn−1 · Fn = (Fn − 2) · Fn

= (22
n

+ 1− 2) · (22n + 1)

= (22
n − 1) · (22n + 1)

= 22
n · 22n − 1

= 22
n+2n − 1

= 22
n+1 − 1

= 22
n+1

+ 1− 2

= Fn+1 − 2.

▲❡♠❛ ✷✳✻✳ ◗✉❛✐sq✉❡r ❞♦✐s ♥ú♠❡r♦s ❞❡ ❋❡r♠❛t ❞✐st✐♥t♦s✱ Fn ❡ Fm✱ sã♦ r❡❧❛t✐✈❛♠❡♥t❡ ♣r✐♠♦s✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠ ❡❢❡✐t♦✱ t♦♠❡ m > n✳ ❆ss✐♠✱

Fm − F0 · F1 · . . . · Fm−1 = 2.

P♦rt❛♥t♦ s❡ d ❞✐✈✐❞❡ Fm ❡ Fn✱ ❡♥tã♦ d ❞✐✈✐❞❡ 2✳ ▼❛s Fn é ✐♠♣❛r ❡ ♣♦rt❛♥t♦ d = 1 ⇒
(Fn, Fm) = 1✳

❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✳ ❆ s❡q✉ê♥❝✐❛ ❞♦s ♥ú♠❡r♦s F0, F1, . . . , Fn, . . . é ✐♥✜♥✐t❛✱

❡ ♣❡❧♦ ▲❡♠❛ ✷✳✻✱ é ❝♦♠♣♦st❛ ❛♣❡♥❛s ❞❡ ♥ú♠❡r♦s ♥❛t✉r❛✐s r❡❧❛t✐✈❛♠❡♥t❡ ♣r✐♠♦s✳ ❊♥tã♦✱ ♣❡❧♦
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❚❋❆✱ ♣❛r❛ ❝❛❞❛ Fi ❡①✐st❡♠ ♣r✐♠♦s pi✱ t❛✐s q✉❡ s❡ p1 é ✉♠ ❢❛t♦r ♣r✐♠♦ ❞❡ F1✱ p2 é ✉♠ ❢❛t♦r

♣r✐♠♦ ❞❡ F2, . . . , pn é ✉♠ ❢❛t♦r ♣r✐♠♦ ❞❡ Fn, . . .✱ ❡♥tã♦ p1, p2, . . . , pn, . . . sã♦ t♦❞♦s ❞✐st✐♥t♦s✳

P♦rt❛♥t♦ ❡①✐st❡♠ ✐♥✜♥✐t♦s ♣r✐♠♦s✳

✷✳✹ ❆ ❞❡♠♦♥str❛çã♦ ❞❡ ▲❛❣r❛♥❣❡

❆ ♣ró①✐♠❛ ❞❡♠♦♥str❛çã♦ ✉t✐❧✐③❛ ❛r❣✉♠❡♥t♦s ❛❧❣é❜r✐❝♦s✱ ❝♦♠♦ ♦ ❚❡♦r❡♠❛ ❞❡ ▲❛❣r❛♥❣❡✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ♣r✐♠♦s s❡❥❛ ✜♥✐t♦✱ ❝♦♠ p s❡♥❞♦ ♦

♠❛✐♦r ♣r✐♠♦✳ ❈♦♥s✐❞❡r❡♠♦s ♦ Pr✐♠♦ ❞❡ ▼❡rs❡♥♥❡✷ 2p − 1 ❡ ♠♦str❡♠♦s q✉❡ q✉❛❧q✉❡r ❢❛t♦r

♣r✐♠♦ q ❞❡ 2p − 1 é ♠❛✐♦r q✉❡ p✳ P❛r❛ t❛♥t♦✱ t♦♠❡ q ✉♠ ❞✐✈✐s♦r ♣r✐♠♦ ❞❡ 2p − 1 ⇒ 2p ≡
1(mod q)✳ ❈♦♠♦ p é ♣r✐♠♦✱ ❡♥tã♦ ✐ss♦ s✐❣♥✐✜❝❛ q✉❡ ♦ ❡❧❡♠❡♥t♦ 2 t❡♠ ♦r❞❡♠ p ♥♦ ❣r✉♣♦

♠✉❧t✐♣❧✐❝❛t✐✈♦ Zq − {0} ❈♦♠♦ Zq − {0} ♣♦ss✉✐ q − 1 ❡❧❡♠❡♥t♦s✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✹✵✱

p | (q − 1) ⇒ p < q.

✷✳✺ ❆ ❞❡♠♦♥str❛çã♦ ❞❡ ❊r❞ös

❆q✉✐✱ ✈❡r❡♠♦s ✉♠ r❡s✉❧t❛❞♦ ❢♦rt❡ s♦❜r❡ ♦s ♥ú♠❡r♦s ♣r✐♠♦s✳ ❆ ❞✐✈❡r❣ê♥❝✐❛ ❞❛ sér✐❡ ❞♦s

r❡❝í♣r♦❝♦s ♣r✐♠♦s ❢♦✐ ♣r♦✈❛❞♦ ✐♥✐❝✐❛❧♠❡♥t❡ ♣♦r ❊✉❧❡r✳ P♦ré♠✱ ❛ ❞❡♠♦♥str❛çã♦ ❛q✉✐ ❛♣r❡s❡♥✲

t❛❞❛ s❡ ❞❡✈❡ ❛ ❊r❞ös✳ ❈♦♠♦ ✈❡r❡♠♦s ❛ s❡❣✉✐r✱ ❡ss❡ ❢❛t♦ ✐♠♣❧✐❝❛ ❛ ✐♥✜♥✐t✉❞❡ ❞♦s ♥ú♠❡r♦s

♣r✐♠♦s✳

▲❡♠❛ ✷✳✼✳ P❛r❛ t♦❞♦ n ∈ N✱ ❡①✐st❡♠ an ❡ bn✱ t❛♠❜é♠ ♥❛t✉r❛✐s✱ ❝♦♠ an ❧✐✈r❡ ❞❡ q✉❛❞r❛❞♦s✱

t❛✐s q✉❡ n = an · (bn)2✳

❉❡♠♦♥str❛çã♦✿ ❖❜s❡r✈❡ q✉❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✶✻✱ ♣❛r❛ t♦❞♦ n ∈ N✱

n = pα1

1 · pα2

2 · . . . · pαn

n .

✷❖s ♣r✐♠♦s ❞❡ ▼❡rs❡♥♥❡ sã♦ ♥ú♠❡r♦s ✐♥t❡✐r♦s ❞❛ ❢♦r♠❛ 2p − 1✱ ♦♥❞❡ p é ✉♠ ♣r✐♠♦✳
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❈♦♠♦ ❝❛❞❛ αi ∈ N✱ ❡♥tã♦ ♦✉ αi é ♣❛r ♦✉ é í♠♣❛r✳ ❙❡❥❛ S = {i ∈ S : αi é ✐♠♣❛r } ❡

βi =







αi, se i ∈ S

αi − 1, se i 6∈ S
.

❆ss✐♠✱ ❡s❝r❡✈❡♠♦s

n =
∏

j∈S

pj ·
∏

i∈N

pβi

i .

◆♦t❡ q✉❡ ❝❛❞❛ βi é ♣❛r✱ ❡ βi = 2 · γi✱ ❛ss✐♠✱

n =
∏

j∈S

pj ·
(
∏

i∈N

pγii

)2

.

P♦rt❛♥t♦✱ t♦♠❛♥❞♦ an =
∏

j∈S

pj ❡ bn =
∏

i∈N

pγii , t❡♠♦s q✉❡ t♦❞♦ n ∈ N ♣♦❞❡ s❡r ❡s❝r✐t♦ ❞❛

❢♦r♠❛ n = an · (bn)2✱ ♦♥❞❡ an, bn ∈ N ❡ an é ❧✐✈r❡ ❞❡ q✉❛❞r❛❞♦s✳

▲❡♠❛ ✷✳✽✳ ❆ sér✐❡ ❞♦s ✐♥✈❡rs♦s ♠✉❧t✐♣❧✐❝❛t✐✈♦s ❞♦s ♥ú♠❡r♦s ♣r✐♠♦s ❞✐✈❡r❣❡✱ ♦✉ s❡❥❛

∑

p ♣r✐♠♦

1

pi

❞✐✈❡r❣❡✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ p1, p2, . . . ❛ s❡q✉ê♥❝✐❛ ❞♦s ♥ú♠❡r♦s ♣r✐♠♦s✱ ❡ s✉♣♦♥❤❛ q✉❡ ❛ sér✐❡

❛❝✐♠❛ ❝♦♥✈✐r❥❛✳ ▲♦❣♦✱ ❡①✐st❡ k ∈ N t❛❧ q✉❡
∑

i>k

1

pi
<

1

2
✳

❉❡✜♥✐r❡♠♦s ❞♦✐s ❝♦♥❥✉♥t♦s ❞❡ ♥ú♠❡r♦s ♥❛t✉r❛✐s ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ❝❤❛♠❛r❡♠♦s ❞❡ ♣r✐✲

♠♦s ♣❡q✉❡♥♦s ❛♦s ♣r✐♠♦s ❝♦♠ í♥❞✐❝❡ ♠❡♥♦r❡s q✉❡ k✱ ❡ ❞❡ ♣r✐♠♦s ❣r❛♥❞❡s ❛ t♦❞♦s ♦s

♦✉tr♦s✳ P❛r❛ ✉♠ N ∈ N✱ t♦♠❡ Ng✱ ❝♦♠♦ s❡♥❞♦ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♥❛t✉r❛✐s n ≤ N q✉❡ sã♦ ♠ú❧✲

t✐♣❧♦s ❞❡ ❛❧❣✉♠ ♠ú❧t✐♣❧♦ ❣r❛♥❞❡✱ ❡ Np ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♥❛t✉r❛✐s n ≤ N q✉❡ ♣♦ss✉❡♠ ❛♣❡♥❛s

♣r✐♠♦s ♣❡q✉❡♥♦s ❡♠ s✉❛ ❢❛t♦r❛çã♦✳ ❉❡ss❛ ❢♦r♠❛✱ é ♥❛t✉r❛❧ ❡s♣❡r❛r♠♦s q✉❡ N = Np + Ng✱

♣♦ré♠ ❝❤❡❣❛r❡♠♦s ❛ ✉♠❛ ❝♦♥❝❧✉sã♦ ❞✐❢❡r❡♥t❡✱ ♦ q✉❡ t❡r♠✐♥❛rá ❛ ❞❡♠♦♥str❛çã♦✳ P❛r❛ ✐ss♦✱

✈❛♠♦s ❡st✐♠❛r ❛s q✉❛♥t✐❞❛❞❡s Np ❡ Ng✳

P❛r❛ Ng✱ ♦❜s❡r✈❡ q✉❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✷ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♠ú❧t✐♣❧♦s ❞❡ ✉♠ pi ♠❡♥♦r❡s

♦✉ ✐❣✉❛✐s ❛ N é ❡①❛t❛♠❡♥t❡
⌊
N
pi

⌋

✳ ❆ss✐♠✱ ❝♦♠♦ ♦s ♣r✐♠♦s ❣r❛♥❞❡s sã♦ ❛q✉❡❧❡s ❡♠ q✉❡ i > k✱

❡♥tã♦✿
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Ng =
∑

i>k

⌊
N

pi

⌋

≤
∑

i>k

N

pi
= n ·

∑

i>k

1

pi
< N · 1

2
=

N

2
.

P❛r❛ ❡st✐♠❛r♠♦s Np✱ t❡♠♦s q✉❡✱ ❝♦♠♦ n ≤ N ❡♥tã♦✱ n ♣♦❞❡ s❡r ❡s❝r✐t♦ ♥❛ ❢♦r♠❛

n = an · (bn)2✱ ❝♦♠ an ❡ bn ❞❡✜♥✐❞♦s ♥♦ ▲❡♠❛ ✷✳✼✳ ❆ss✐♠✱ ❡st✐♠❛r❡♠♦s ❛s q✉❛♥t✐❞❛❞❡s

❞❡ an ❡ bn✳ ❈♦♠♦ an é ❧✐✈r❡ ❞❡ q✉❛❞r❛❞♦s ❡ ♣♦ss✉✐ ❛♣❡♥❛s ♣r✐♠♦s ♣❡q✉❡♥♦s ❡♠ s✉❛ ❢❛t♦✲

r❛çã♦✱ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♥ú♠❡r♦s ❞❡ss❛ ❢♦r♠❛ é ❛ q✉❛♥t✐❞❛❞❡ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞♦ ❝♦♥❥✉♥t♦

{p1, p2, . . . , pk}✱ q✉❡ é 2k✳ ◆♦t❡ ❛✐♥❞❛ q✉❡ (bn)
2 ≤ n ≤ N ⇒ bn ≤ √

n ≤
√
N ✳ ❈♦♠ ✐ss♦

✈❡♠♦s q✉❡ t❡♠♦s ♥♦ ♠á①✐♠♦
√
n ❡s❝♦❧❤❛s ♣❛r❛ bn✳ ▲♦❣♦✱

Np ≤ 2k · √n.

❆ss✐♠✱ ❝♦♠ ♦s ✈❛❧♦r❡s ❡st✐♠❛❞♦s ♣❛r❛ Np ❡ Ng✱ t❡♠♦s✿

N = Ng +Np <
N

2
+ 2k ·

√
N ⇐⇒ N

2
< 2k ·

√
N

⇐⇒ N√
N

< 2k

⇐⇒
√
N < 2k+1

⇐⇒ N < 22k+2.

❚♦♠❛♥❞♦ N = 22k+2✱ t❡♠♦s ✉♠ ❛❜s✉r❞♦✦ P♦rt❛♥t♦ ❛ sér✐❡ ❞✐✈❡r❣❡✳

❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✳ ❙❡ ❡①✐st✐ss❡ ✉♠❛ q✉❛♥t✐❞❛❞❡ ✜♥✐t❛ ❞❡ ♥ú♠❡r♦s ♣r✐♠♦s✱

❡♥tã♦ ❛ s♦♠❛ ❛❝✐♠❛ ❝❧❛r❛♠❡♥t❡ ❝♦♥✈❡r❣✐r✐❛✳ P♦ré♠✱ ❝♦♠♦ ❛ sér✐❡ ❞✐✈❡r❣❡✱ ❡♥tã♦ ❡①✐st❡♠

✐♥✜♥✐t♦s ♣r✐♠♦s✳

✷✳✻ ❆ ❞❡♠♦♥str❛çã♦ ❞❡ ❊✉❧❡r

◆❡ss❛ ❞❡♠♦♥str❛çã♦✱ ❊✉❧❡r ✉s❛ ❝♦♥❝❡✐t♦s ❞❛ ♠❛✐s ❛❧t❛ ✐♠♣♦rtâ♥❝✐❛✱ ❡ q✉❡ sã♦ ❡st✉❞❛❞♦s

♥❛ ❚❡♦r✐❛ ❆♥❛❧ít✐❝❛ ❞♦s ◆ú♠❡r♦s✱ ❝♦♠♦ ❛ ❢✉♥çã♦ π(x)✸ ❞❡ ❝♦♥t❛❣❡♠ ❞❡ ♥ú♠❡r♦s ♣r✐♠♦s✳

❊ss❛ ❢✉♥çã♦ ❢♦✐ ♣r♦❞✉t♦ ❞❡ ♣❡sq✉✐s❛s ❞❡ ♠❛t❡♠át✐❝♦s ❝♦♠♦ ●❛✉ss✭✶✼✾✷✮✱ ▲❡❣❡♥❞r❡✭✶✽✵✽✮✱

✸❯♠❛ ❞❛s ❣r❛♥❞❡s ❞❡s❝♦❜❡rt❛s ❞♦ ✜♥❛❧ ❞♦ sé❝✉❧♦ ❳■❳✱ ♠❛✐s ♣r❡❝✐s❛♠❡♥t❡ ❡♠ ✶✽✾✻✱ ❛ q✉❛❧ ❝✐t❛♠♦s ❛q✉✐
s❡♠ ❛♣r❡s❡♥t❛r s✉❛ ♠❛✐s ♣r♦❢✉♥❞❛ ❞❡♠♦♥str❛çã♦✱ é ♦ ❝❤❛♠❛❞♦ ❚❡♦r❡♠❛ ❞♦s ◆ú♠❡r♦s Pr✐♠♦s ❡ q✉❡ ❧❡✈❛ ♦s
♥♦♠❡s ❞♦s ♠❛t❡♠át✐❝♦s ❈❛✉❝❤②✴❍❛❞❛♠❛r❞✴❞❡ ❧❛ ❱❛❧é❡ P♦✉ss✐♥✳ ❊❧❡ ❞❡s❝r❡✈❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦



✹✶

❘✐❡♠♠❛♥✭✶✽✺✾✮✳ ❊❧❡s ❡st✉❞❛r❛♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ss❛ ❢✉♥çã♦✱ ❝♦♠♣❛r❛♥❞♦✲❛ à ❢✉♥çõ❡s ❥á

❝♦♥❤❡❝✐❞❛s✳

▲❡♠❛ ✷✳✾✳ ❙❡❥❛ m, pi ∈ N ❝♦♠ pi ♣r✐♠♦✳ ❊♥tã♦

∞∑

m=1

1

m
=

∞∏

i=1

(
∑

k>0

1

pik

)

.

❉❡♠♦♥str❛çã♦✿ P❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞❡ss❡ ❢❛t♦ é só ✈❡r♠♦s q✉❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❋✉♥❞❛✲

♠❡♥t❛❧ ❞❛ ❆r✐t♠ét✐❝❛✱ t♦❞♦ ♥ú♠❡r♦ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❞❡ ♠❛♥❡✐r❛ ú♥✐❝❛ ❝♦♠♦ ♣r♦❞✉t♦ ❞❡

♣♦tê♥❝✐❛s ❞❡ ❢❛t♦r❡s ♣r✐♠♦s✳ ❆ ❡①♣❛♥sã♦ ❞♦ ♣r♦❞✉t♦ ❞♦ s❡❣✉♥❞♦ ♠❡♠❜r♦ ❞❛ ✐❣✉❛❧❞❛❞❡ é

∞∏

i=1

(
∑

k>0

1

pik

)

=

(
∑

k>0

1

p1k

)

·
(
∑

k>0

1

p2k

)

· . . . ·
(
∑

k>0

1

pnk

)

· . . .

=

(

1 +
1

p1
+

1

p21
+ . . .+

1

pn1
+ . . .

)

·
(

1 +
1

p2
+

1

p22
+ . . .+

1

pn2
+ . . .

)

· . . . ·
(

1 +
1

pr
+

1

p2r
+ . . .+

1

pnr
+ . . .

)

· . . .

=

(

1 +
1

p1
+

1

p2
+ . . .+

1

pr
+ . . .

)

+ . . .+

(
1

pn1
+

1

pn2
+ . . .+

1

pnr
+ . . .

)

+ . . .+

(
1

p1p2
+ . . .

1

pnr p
n
r+1

+ . . .

)

+ . . .+
1

pn1

1 pn2

2 . . . pnr
r . . .

.

◆♦t❡ q✉❡ ♦s ❞❡♥♦♠✐♥❛❞♦r❡s ❞♦s ❡❧❡♠❡♥t♦ ❞❛ ❡①♣❛♥sã♦ ❞♦ s❡❣✉♥❞♦ ♠❡♠❜r♦ ❞❛ ✐❣✉❛❧❞❛❞❡

❛❝✐♠❛ sã♦ t♦❞♦s ♦s ♥ú♠❡r♦s ♥❛t✉r❛✐s✱ ♣♦✐s ♦ ♣r♦❞✉t♦ ✈❛r✐❛ ❡♠ t♦❞♦s ♦s ♥ú♠❡r♦s ♣r✐♠♦s✳

▲♦❣♦✱ ♣❛r❛ t♦❞♦ m ∈ N✱ 1
m

❡stá ♥❛ ❡①♣❛♥sã♦ ❞♦ ♣r♦❞✉t♦ ❞♦ s❡❣✉♥❞♦ ♠❡♠❜r♦✳

❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✳ ❙❡❥❛ π(x) = #{p ≤ x : p é ♣r✐♠♦ ♣♦s✐t✐✈♦} ❛ ❢✉♥çã♦ ❞❡

❝♦♥t❛❣❡♠ ❞♦s ♥ú♠❡r♦s ♣r✐♠♦s ❡ t♦♠❡ ♦ ❧♦❣❛r✐t♠♦ ♥❛t✉r❛❧ log x✱ ❞❡✜♥✐❞♦ ❝♦♠♦

log x =

∫ x

1

1

t
dt

✳

❞❛ ❢✉♥çã♦ π(x)✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱

lim
x−→∞

π(x)
x

ln x

= 1.

■st♦ q✉❡r ❞✐③❡r q✉❡✱ s❡ x é ❣r❛♥❞❡✱ ❛ q✉❛♥t✐❞❛❞❡ ❞♦s ♥ú♠❡r♦s ♣r✐♠♦s ♠❡♥♦r❡s ❞♦ q✉❡ ♦✉ ✐❣✉❛✐s ❛ x é ❞❛❞❛✱
❝♦♠ ❛♣r♦①✐♠❛çã♦ ❝❛❞❛ ✈❡③ ♠❡❧❤♦r✱ ♣♦r x

ln x
✳



✹✷

❋✐❣✉r❛ ✷✳✶✿ ●rá✜❝♦ ❞❛ ❢✉♥çã♦ f(x) = 1
t
✳

❆❣♦r❛✱ ✈❛♠♦s ❝♦♠♣❛r❛r ❛ ár❡❛ s♦❜ ♦ ❣rá✜❝♦ ❞❡ f(x) = 1
t
✱ ❝♦♠ ❛ s♦♠❛ ❞❛s ár❡❛s ❞♦s

r❡tâ♥❣✉❧♦s ❞❛ ✜❣✉r❛ ✷✳✶✳

1 +
1

2
+ . . .+

1

n
>

∫ n

1

1

t
dt ⇒

n∑

n=1

1

n
> log n.

❆ss✐♠✱ ♣❛r❛ n ≤ x ≤ n+ 1✱ t❡♠♦s✿

log x 6 1 +
1

2
+ . . .+

1

n
6
∑ 1

m

❝♦♠ m ∈ N t❡♥❞♦ ❛♣❡♥❛s ❞✐✈✐s♦r❡s ♣r✐♠♦s p ≤ x✳ P❡❧♦ ❚❡♦r❡♠❛ ✶✳✶✻✱ t♦❞♦ m ♣♦❞❡ s❡r ❡s❝r✐t♦

❝♦♠♦

m =
∏

p6x

pkp .

❆ss✐♠✱ ♣❡❧♦ ▲❡♠♠❛ ✷✳✾
∑ 1

m
=
∏

p6x

p ♣r✐♠♦

(
∑

k>0

1

pk

)

.

❖❜s❡r✈❡ q✉❡ ❛s s♦♠❛s ❞❡ ❞❡♥tr♦ ❞♦ ♣r♦❞✉t♦ sã♦ sér✐❡s ❣❡♦♠étr✐❝❛s ❞❡ r❛③ã♦ p−1✳ ❊♥tã♦✱ ❡❧❛s

❝♦♥✈❡r❣❡♠ ♣❛r❛ 1
1− 1

p

✳ ❆ss✐♠✱

log x 6
∏

p6x

p ♣r✐♠♦

(

1

1− 1
p

)

=
∏

p6x

p ♣r✐♠♦

p

p− 1
=

π(x)
∏

k=1

pk
pk − 1

.



✹✸

❈❧❛r❛♠❡♥t❡ pk > k + 1✱ ❡

pk
pk − 1

= 1 +
1

pk − 1
6 1 +

1

k
=

k + 1

k
.

❉❛í✱

log x 6

π(x)
∏

k=1

k + 1

k
=

2

1
· 3
2
· 4
3
· . . . · π(x)

π(x)− 1
· π(x) + 1

π(x)
= π(x) + 1.

P♦ré♠✱ log x é ✐❧✐♠✐t❛❞❛✱ ❡ ♣♦rt❛♥t♦✱ π(x) t❛♠❜é♠ é✱ ♦ q✉❡ ❝♦♥❝❧✉✐ ❛ ❞❡♠♦♥str❛çã♦✳

✷✳✼ ❆ ❞❡♠♦♥str❛çã♦ ❞❡ P✐♥❛s❝♦

P✐♥❛s❝♦✱ ❡♠ ✷✵✵✾✱ ♣✉❜❧✐❝♦✉ ✉♠❛ ♣r♦✈❛ ♣❛r❛ ❛ ✐♥✜♥✐t✉❞❡ ❞♦s ♥ú♠❡r♦s ✉s❛♥❞♦ ♦ Pr✐♥❝í♣✐♦

❞❛ ■♥❝❧✉sã♦ ❡ ❊①❝❧✉sã♦✹✱ ❝❧áss✐❝♦ r❡s✉❧t❛❞♦ ❞♦ ❝❛♠♣♦ ❞❛ ❝♦♥t❛❣❡♠✳

▲❡♠❛ ✷✳✶✵✳ P❛r❛ x, t > 0✱ t❡♠♦s

lim
x−→∞

1

x
·
⌊x

t

⌋

=
1

t
.

❉❡♠♦♥str❛çã♦✿ P❡❧❛ ❞❡✜♥✐çã♦ ❞❡
⌊
x
t

⌋
✱ t❡♠♦s

⌊x

t

⌋

6
x

t
6

⌊x

t

⌋

+ 1 ⇒ 1

x
·
⌊x

t

⌋

6
1

x
· x
t
6

1

x
·
⌊x

t

⌋

+
1

x

⇒ 1

t
− 1

x
6

1

x
·
⌊x

t

⌋

6
1

x
· x
t
.

❆ss✐♠✱ ❝♦♠♦ lim
x−→∞

1

t
− 1

x
=

1

t
❡ lim

x−→∞

1

x
· x
t
=

1

t
✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❈♦♥❢r♦♥t♦✺ ❝❤❡❣❛♠♦s ❛♦

r❡s✉❧t❛❞♦ ❞❡s❡❥❛❞♦✳

▲❡♠❛ ✷✳✶✶✳

N∑

i=1

1

pi
−
∑

i<j

1

pi · pj
+
∑

i<j<k

1

pi · pj · pk
− . . .+ (−1)N+1 · 1

p1 · p2 · . . . · pN
= 1−

N∏

i=1

(

1− 1

pi

)

.

✹❖ Pr✐♥❝í♣✐♦ ❞❛ ■♥❝❧✉sã♦ ❡ ❊①❝❧✉sã♦ ♥♦s ❞✐③ q✉❡✱ s❡ A1, A2, . . . , An sã♦ ❝♦♥❥✉♥t♦s✱ ❡ | Ai | é ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡

❞❡ Ai✱ ❡♥tã♦✿ |
n⋃

i=1

Ai |=
N∑

i=1

| Ai | −
∑

i<j

| Ai∩Aj | +
∑

i<j<k

| Ai∩Aj∩Ak | − . . .+(−1)N+1 | A1∩A2∩. . .∩AN |
✺❖ ❚❡♦r❡♠❛ ❞♦ ❈♦♥❢r♦♥t♦✱ ❛q✉✐ ♥ã♦ ❞❡♠♦♥str❛❞♦✱ é ❡♥✉♥❝✐❛❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛ ✧❙❡❥❛♠ f, g ❡ h : R −→ R

três ❢✉♥çõ❡s ❡ s✉♣♦♥❤❛ q✉❡ ❡①✐st❛ r > 0 t❛❧ q✉❡ f(x) 6 g(x) 6 h(x) ♣❛r❛ 0 <| x− p |< r✳ ◆❡st❛s ❝♦♥❞✐çõ❡s✱
s❡ lim

x→p
f(x) = L = lim

x→p
h(x), ❡♥tã♦ lim

x→p
g(x)”



✹✹

❉❡♠♦♥str❛çã♦✿ ❱❛♠♦s ❡①♣❛♥❞✐r ❛♠❜♦s ♦s ♠❡♠❜r♦s ❞❛ ✐❣✉❛❧❞❛❞❡ ❡ ❝♦♠♣❛r❛r ♦s r❡s✉❧t❛✲

❞♦s✳

N∑

i=1

1

pi
−
∑

i<j

1

pipj
+
∑

i<j<k

1

pipjpk
− . . .+ (−1)N+1 · 1

p1p2 . . . pN

=

(
1

p1
+

1

p2
+ . . .+

1

pN

)

−
(

1

p1p2
+

1

p1p3
+ . . .+

1

pN−1pN

)

+

(
1

p1p2p3
+

1

p1p3p4
+ . . .+

1

pN−2pN−1pN

)

+ . . .+ (−1)N+1 · 1

p1p2 . . . pN
.

❡

1−
N∏

i=1

(

1− 1

pi

)

= 1−
(

1− 1

p1

)

·
(

1− 1

p2

)

· . . . ·
(

1− 1

pN

)

= 1−
(

1− 1

p1
− 1

p2
− . . .− 1

pN
+

1

p1p2
+

1

p1p3
+ . . .+

1

pN−1pN
−

− 1

p1p2p3
− 1

p1p3p4
− . . .− 1

pN−2pN−1pN
+ . . .+ (−1)N · 1

p1p2 . . . pN

)

=

(
1

p1
+

1

p2
+ . . .+

1

pN

)

−
(

1

p1p2
+

1

p1p3
+ . . .+

1

pN−1pN

)

+

(
1

p1p2p3
+

1

p1p3p4
+ . . .+

1

pN−2pN−1pN

)

+ . . .+ (−1)N+1 · 1

p1p2 . . . pN
.

❈♦♠♦ ❛s ❡①♣❛♥sõ❡s sã♦ ✐❣✉❛✐s✱ ❛ ✐❣✉❛❧❞❛❞❡ s❡ ✈❡r✐✜❝❛✳

❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✳ ❙✉♣♦♥❤❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ❛♣❡♥❛s ✉♠❛ q✉❛♥t✐❞❛❞❡ ✜♥✐t❛

❞❡ ♥ú♠❡r♦s ♣r✐♠♦s✱ 2 < p1 < . . . < pN ✳ P❛r❛ x ≥ 1✱ ❡ i = 1, . . . , N ✱ ❞❡✜♥❛ ♦ ❝♦♥❥✉♥t♦ Ai ❞♦s

✐♥t❡✐r♦s ❡♠ [1, x] q✉❡ sã♦ ♠ú❧t✐♣❧♦s ❞❡ pi✳ ❊ s❡❥❛ A ♦ ❝♦♥❥✉♥t♦ ❞♦s ✐♥t❡✐r♦s ❡♠ [1, x] q✉❡ sã♦

♠ú❧t✐♣❧♦s ❞❡ ❛❧❣✉♠ ♣r✐♠♦✳ ❉❡✈❡♠♦s t❡r A =
⋃N

i=1 Ai✳

P❡❧♦ Pr✐♥❝í♣✐♦ ❞❛ ■♥❝❧✉sã♦ ❡ ❊①❝❧✉sã♦✱ t❡♠♦s✿

⌊x⌋ = 1+
N∑

i=1

| Ai | −
∑

i<j

| Ai∩Aj | +
∑

i<j<k

| Ai∩Aj∩Ak | − . . .+(−1)N+1 | A1∩A2∩. . .∩AN | .



✹✺

P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✷✱ ♦ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ ❝❛❞❛ Ai é
⌊

x
pi

⌋

✳ ❆ss✐♠✱

⌊x⌋ = 1+
N∑

i=1

⌊
x

pi

⌋

−
∑

i<j

⌊
x

pi · pj

⌋

+
∑

i<j<k

⌊
x

pi · pj · pk

⌋

− . . .+ (−1)N+1 ·
⌊

x

p1 · p2 · . . . · pN

⌋

.

P❡❧♦ ▲❡♠❛ ✷✳✶✵✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ❛♠❜♦s ♦s ♠❡♠❜r♦s ❞❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ♣♦r 1
x
✱ ❡ t♦♠❛♥❞♦ ♦

❧✐♠✐t❡ q✉❛♥❞♦ x t❡♥❞❡ ❛ ✐♥✜♥✐t♦✱ t❡♠♦s✿

1 =
N∑

i=1

1

pi
−
∑

i<j

1

pi · pj
+
∑

i<j<k

1

pi · pj · pk
− . . .+ (−1)N+1 · 1

p1 · p2 · . . . · pN
.

P❡❧♦ ▲❡♠❛ ✷✳✼ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ❛ s♦♠❛ ❛❝✐♠❛ ❞❡ ❢♦r♠❛ ❝♦♠♣❛❝t❛❞❛✱ ♣❡❧♦ ♣r♦❞✉t♦ ❛❜❛✐①♦✿

1 = 1−
N∏

i=1

(

1− 1

pi

)

.

❈♦♠♦ ♦ ♣r♦❞✉t♦ é ❡str✐t❛♠❡♥t❡ ♣♦s✐t✐✈♦✱ t❡♠♦s q✉❡ 1 > 1✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳ P♦rt❛♥t♦✱

❡①✐st❡♠ ✐♥✜♥✐t♦s ♣r✐♠♦s✳

✷✳✽ ❆ ❞❡♠♦♥str❛çã♦ ❞❡ ❋✉rt❡♥❜❡r❣

❯t✐❧✐③❛♥❞♦ ♦ ❝♦♥❝❡✐t♦ ❞❡ ❚♦♣♦❧♦❣✐❛✱ ✈✐st♦ ♥❛ ❙❡çã♦ ✶✳✸✱ ✈❛♠♦s à ❞❡♠♦♥str❛çã♦ ❞❛ ✐♥✜♥✐t✉❞❡

❞♦s ♥ú♠❡r♦s ♣r✐♠♦s✱ ♣r♦♣♦st❛ ♣♦r ❋✉rst❡♥❜❡r❣✳

❉❡✜♥✐r❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ ✉♠❛ t♦♣♦❧♦❣✐❛ ♥♦ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ✐♥t❡✐r♦✱ ❞❛ s❡❣✉✐♥t❡

❢♦r♠❛✳ P❛r❛ t♦❞♦ a, b ∈ Z ❝♦♠ b > 0✱ s❡❥❛

Na,b = {a+ bn : n ∈ Z}.

❙❡❥❛ T ✉♠❛ ❢❛♠í❧✐❛ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ Z t❛❧ q✉❡ X ∈ T ✭♦✉ s❡❥❛✱ X é ❛❜❡rt♦✮ s❡ X é ✈❛③✐♦

♦✉ s❡ ♣❛r❛ t♦❞♦ x ∈ X✱ ❡①✐st❡ b > 0 t❛❧ q✉❡ Nx,b ⊆ X.

▲❡♠❛ ✷✳✶✷✳ T ❞❡✜♥✐❞♦ ❞❛ ❢♦r♠❛ ❛❝✐♠❛ é ✉♠❛ t♦♣♦❧♦❣✐❛✳

❉❡♠♦♥str❛çã♦✿ i) ∅ ❡ Z ❝❧❛r❛♠❡♥t❡ ❡stã♦ ❡♠ T ❀
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ii) ❙❡❥❛♠ {Xj}j∈Λ ✉♠❛ ❢❛♠í❧✐❛ q✉❛❧q✉❡r ❞❡ ❡❧❡♠❡♥t♦s ❞❡ T ✳ ❆ss✐♠✱ s❡

x ∈
⋃

j∈Λ

Xj

❡♥tã♦ x ∈ Xi✱ ♣❛r❛ ❛❧❣✉♠ i ∈ Λ✳ ❉❛í✱ ❡①✐st❡ b > 0 t❛❧ q✉❡ Nx,b ⊆ Xi✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡

Nx,b ⊆
⋃

j∈Λ

Xj.

P♦rt❛♥t♦ ❛ ✉♥✐ã♦ ❞❡ ❛❜❡rt♦s é ❛✐♥❞❛ ❛❜❡rt♦✳

ii) ❙❡❥❛♠ Xj ❝♦♠ j = 1, . . . , n ❝♦♥❥✉♥t♦s ❛❜❡rt♦s✳ ❙❡

x ∈
n⋂

j=1

Xj

❡♥tã♦ x ∈ Xj ♣❛r❛ t♦❞♦ j = 1, . . . , n✳ ❆ss✐♠✱ ❡①✐st❡♠ bj > 0 ❝♦♠ j = 1, . . . , n✱ t❛✐s q✉❡

Nx,bj ⊆ Xj✳ ❙❡ t♦♠❛r♠♦s b = b1 · b2 · . . . · bn✱ ❡♥tã♦

Nx,b ⊆
n⋂

j=1

Xj.

❖ q✉❡ ♠♦str❛ q✉❡ ❛ ✐♥t❡rs❡çã♦ ❞❡ n ❛❜❡rt♦s é ✉♠ ❛❜❡rt♦✳

P♦rt❛♥t♦ Z é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦✱ ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ T ✳

▲❡♠❛ ✷✳✶✸✳ i) ❚♦❞♦ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ♥ã♦ ✈❛③✐♦ ❞❡ Z é ✐♥✜♥✐t♦✳

ii) ❖s ❝♦♥❥✉♥t♦s Nx,b sã♦ ❝♦♥❥✉♥t♦s ❢❡❝❤❛❞♦s✳

❉❡♠♦♥str❛çã♦✿ i) ■ss♦ é ❝❧❛r♦✱ ♣♦✐s ♦s ❝♦♥❥✉♥t♦s ❛❜❡rt♦s ♥ã♦ ✈❛③✐♦s ❞❡ Z sã♦ ♦s q✉❡

❝♦♥t❡♠ Na,b✱ ❡ ❝❛❞❛ ✉♠ ❞❡❧❡s é ✐♥✜♥✐t♦ ♣♦r ❞❡✜♥✐çã♦❀

ii) ❈♦♠♦

Na,b = Z−
b−1⋃

i=1

Na−i,b

❆ss✐♠✱ ❝♦♠♦ ❝❛❞❛ Na−i,b é ❛❜❡rt♦✱ s❡❣✉❡ q✉❡ Na,b é ❢❡❝❤❛❞♦✳
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❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✳ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❡♠ ❛♣❡♥❛s n ♥ú♠❡r♦s ♣r✐♠♦s✳ ❆ss✐♠✱

♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✶✳✼ t♦❞♦ ♥✉♠❡r♦ ✐♥t❡✐r♦ ❞✐❢❡r❡♥t❡ ❞❡ 1 ❡ −1 ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ ♣r♦❞✉t♦

❞❡ ♣r✐♠♦s✳ ❆ss✐♠✱ N0,pi é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♠ú❧t✐♣❧♦s ❞❡ ✉♠ ♣r✐♠♦ pi ❝♦♠ i = 1, . . . n✳

❆ss✐♠✱

Z− {−1, 1} =
n⋃

i=1

N0,pi

❉❡ss❛ ❢♦r♠❛✱ ♣❡❧♦ ▲❡♠❛ ✷✳✶✸ ❛ ✉♥✐ã♦ ❛❝✐♠❛ é ✉♠❛ ✉♥✐ã♦ ✜♥✐t❛ ❞❡ ❝♦♥❥✉♥t♦s ❢❡❝❤❛❞♦s✱ ❡ ♣❡❧♦

❚❡♦r❡♠❛ ✶✳✹✻ é t❛♠❜é♠ ✉♠ ❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦✳ ▲♦❣♦ {−1, 1} é ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦✳ ❆❜s✉r❞♦✦

P♦rt❛♥t♦✱ ❡①✐st❡♠ ✐♥✜♥✐t♦s ♥ú♠❡r♦s ♣r✐♠♦s✳

✷✳✾ ❖✉tr❛s ❉❡♠♦♥str❛çõ❡s

❍á ❛✐♥❞❛ ♦✉tr❛s ❞❡♠♦♥str❛çõ❡s ♣❛r❛ ❡ss❡ ♠❡s♠♦ r❡s✉❧t❛❞♦✱ ♣♦ré♠ ✉t✐❧✐③❛♥❞♦ ❢❡rr❛♠❡♥t❛s

♠❛✐s ❛✈❛♥ç❛❞❛s✳ ❯♠❛ ❞❡❧❛s✱ ✉t✐❧✐③❛ ✉♠ ❢❛t♦ ❛♣❛r❡♥t❡♠❡♥t❡ s✐♠♣❧❡s✱ ❝✉❥❛ ❞❡♠♦♥str❛çã♦ ♥ã♦

é✱ q✉❡ é ♦ P♦st✉❧❛❞♦ ❞❡ ❇❡rtr❛♥❞✱ ❡♥✉♥❝✐❛❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

❚❡♦r❡♠❛ ✷✳✶✹ ✭P♦st✉❧❛❞♦ ❞❡ ❇❡rtr❛♥❞✮✳ P❛r❛ t♦❞♦ n ∈ N✱ ❡①✐st❡ ❛❧❣✉♠ p ♣r✐♠♦ t❛❧ q✉❡

n < p < 2n✳

❆ ❞❡♠♦♥str❛çã♦ ❞❡ss❡ ❢❛t♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✽❪ ❡ ❡♠ ❬✺❪✳ ▼❛s ❛ss✉♠✐♥❞♦ s✉❛

✈❡r❛❝✐❞❛❞❡✱ ❝♦♥str✉í♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ n < p1 < 2n < p2 < 4n < p3 < 8n < . . . q✉❡ ✐♠♣❧✐❝❛

♥❛ ✐♥✜♥✐❞❛❞❡ ❞♦s ♥ú♠❡r♦s ♣r✐♠♦s pi, i ∈ N✳

❖✉tr♦ ❞❛❞♦ ✐♥t❡r❡ss❛♥t❡ é q✉❡ ❡①✐st❡♠ ✐♥✜♥✐t♦s ♥ú♠❡r♦s ♣r✐♠♦s ❞❛ ❢♦r♠❛ 4n + 1✱ ♣♦r

❡①❡♠♣❧♦✱ ❝♦♠♦ ♣♦❞❡ s❡r ✈✐st♦ ❡♠ ❬✽❪✳ ◆❛ ✈❡r❞❛❞❡✱ ❡ ❞❡ ❢♦r♠❛ ♠❛✐s ❣❡r❛❧✱ ❉✐r✐❝❤❧❡t ❞✐③ q✉❡✿

❚❡♦r❡♠❛ ✷✳✶✺ ✭❚❡♦r❡♠❛ ❞❡ ❉✐r✐❝❤❧❡t✮✳ ❙❡❥❛♠ a ❡ b✱ ♥ú♠❡r♦s ♥❛t✉r❛✐s ♣r✐♠♦s ❡♥tr❡ s✐✱ ❡♥tã♦

❡①✐st❡♠ ✐♥✜♥✐t♦s ♣r✐♠♦s ❞❛ ❢♦r♠❛ an+ b✱ ♦♥❞❡ n ∈ N✳

❆ ❞❡♠♦♥str❛çã♦ ❞❡ss❡ t❡♦r❡♠❛✱ q✉❡ ♥ã♦ é s✐♠♣❧❡s ❡ ♥❡♠ ❡❧❡♠❡♥t❛r✱ ♣♦ré♠ ♣♦❞❡ s❡r

❡♥❝♦♥tr❛❞❛ ❡♠ ❬✹❪✳

❊♠ ✷✵✵✽✱ ●r❡❡♥ ❡ ❚❛♦ ❞❡♠♦♥str❛r❛♠ q✉❡✿

❚❡♦r❡♠❛ ✷✳✶✻✳ P❛r❛ t♦❞♦ k > 3✱ ❡①✐st❡ ♣❡❧♦ ♠❡♥♦s ✉♠❛ ♣r♦❣r❡ssã♦ ❛r✐t♠ét✐❝❛ ❞❡ k ✐♥t❡✐r♦s
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♣♦s✐t✐✈♦s q✉❡ sã♦ ♥ú♠❡r♦s ♣r✐♠♦s✳✻

❚♦♠❛♥❞♦ ❡ss❡ r❡s✉❧t❛❞♦ ❝♦♠♦ ✈❡r❞❛❞❡✱ s✉♣♦♥❤❛ q✉❡ ❡①✐st❡♠ ❛♣❡♥❛s n ♣r✐♠♦s✳ ❙❡ t♦♠ás✲

s❡♠♦s k = n+ 1✱ ❡♥tã♦ ❡①✐st✐r✐❛✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ●r❡❡♥ ❡ ❚❛♦✱ ♣❡❧♦ ♠❡♥♦s ✉♠❛ ♣r♦❣r❡ssã♦

❛r✐t♠ét✐❝❛✱ ❝♦♠ n+ 1 t❡r♠♦s ♣r✐♠♦s✱ ♦ q✉❡ s❡r✐❛ ✐♠♣♦ssí✈❡❧✳

●r❛♥❞❡s r❡s✉❧t❛❞♦s ❞❛ t❡♦r✐❛ ❞♦s ♥ú♠❡r♦s✱ ❡♥✈♦❧✈❡♥❞♦ ♦s ♥ú♠❡r♦s ♣r✐♠♦s✱ ❛✐♥❞❛ ❡stã♦

❡♠ ❛❜❡rt♦✳ P♦❞❡♠♦s ❡♥✉♥❝✐❛r ❛s s❡❣✉✐♥t❡s ❝♦♥❥❡❝t✉r❛s✿

• ❚♦❞♦ ♥ú♠❡r♦ ♣❛r ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ 4 é ❛ s♦♠❛ ❞❡ ❞♦✐s ♥ú♠❡r♦s ♣r✐♠♦s❄✼

• ❊①✐st❡♠ ✐♥✜♥✐t♦s ♣r✐♠♦s ❣ê♠❡♦s✽ ❄

• ❊①✐st❡♠ ✉♠❛ ✐♥✜♥✐❞❛❞❡ ❞❡ ♥ú♠❡r♦s ♣r✐♠♦s ❞❡ ▼❡rs❡♥♥❡❄

• ❊①✐st❡♠ ✉♠❛ ✐♥✜♥✐❞❛❞❡ ❞❡ ♥ú♠❡r♦s ♣r✐♠♦s ❞♦ t✐♣♦ p#+1✱ ♦♥❞❡ p#✾ ❞❡♥♦t❛ ♦ ♣r♦❞✉t♦

❞❡ t♦❞♦s ♦s ♣r✐♠♦s ♠❡♥♦r❡s ♦✉ ✐❣✉❛✐s ❛ ♣❄

• ❊①✐st❡♠ ✉♠❛ ✐♥✜♥✐❞❛❞❡ ❞❡ ♥ú♠❡r♦s ❞❛ ❢♦r♠❛ N2 + 1❄

• ❊①✐st❡♠ ✐♥✜♥✐t♦s ♥ú♠❡r♦s ❞❛ ❢♦r♠❛ Cn = n× 2n + 1✶✵❄

❡♥tr❡ ♦✉tr❛s ❛✜r♠❛çõ❡s✱ q✉❡ t❡♠ ♠♦t✐✈❛❞♦ ❡st✉❞✐♦s♦s ❞♦ ♠✉♥❞♦ t♦❞♦ ♥❛ ❜✉s❝❛ ♣♦r r❡s♣♦st❛s

♣r❛ t♦❞❛s ❡❧❛s✳ ❈❛s♦ ❤❛❥❛ ♠❛✐♦r ✐♥t❡r❡ss❡✱ ♦ ❧❡✐t♦r ✐♥t❡r❡ss❛❞♦ ♣♦❞❡ ❝♦♥s✉❧t❛r ❬✾❪ ❡ ❬✹❪✳

✻❆ ❞❡♠♦♥str❛çã♦ ❞❡ss❡ ❢❛t♦ r❡♥❞❡✉ ❛ ❚❆❖ ✉♠❛ ▼❡❞❛❧❤❛ ❋✐❡❧❞s ♥♦ ❈♦♥❣r❡ss♦ ■♥t❡r♥❛❝✐♦♥❛❧ ❞❡ ▼❛t❡♠át✐❝❛
❞❡ ✷✵✵✻✳

✼❊ss❛ é ❛ ❢❛♠♦s❛ ❈♦♥❥❡❝t✉r❛ ❞❡ ●♦❧❞❜❛❝❤✳
✽❉✐③❡♠♦s q✉❡ ❞♦✐s ♣r✐♠♦s sã♦ ❣ê♠❡♦s s❡ ✉♠ s❡ ❞✐st❛♥❝✐❛ ❞♦ ♦✉tr♦ ♣♦r ✷ ✉♥✐❞❛❞❡s✳
✾❈❤❛♠❛♠♦s t❛❧ ♥♦t❛çã♦ ❞❡ ✧♣r✐♠♦r✐❛❧ ❞❡ p✧✳
✶✵❖s ♥ú♠❡r♦s ❞❛ ❢♦r♠❛ Cn = n× 2n + 1 sã♦ ❝❤❛♠❛❞♦s ♥ú♠❡r♦s ❞❡ ❈✉❧❧❡♥



❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

❆q✉✐ ♥❡st❡ tr❛❜❛❧❤♦✱ ♠♦str❛♠♦s ❞❡ ❞✐✈❡rs❛s ❢♦r♠❛s q✉❡ ❡①✐st❡♠ ✐♥✜♥✐t♦s ♣r✐♠♦s✱ ♣♦ré♠✱ ♥ã♦

é ❞❡ ❝♦♥❤❡❝✐♠❡♥t♦ ❞♦ s❡r ❤✉♠❛♥♦ ❛ ❧✐st❛❣❡♠ ❞❡❧❡s✱ ♦✉ ❛ ❢♦r♠❛ q✉❡ ❡❧❡s s❡ ❝♦♠♣♦rt❛♠✳ ◆ã♦

❤á ✉♠❛ ❢ór♠✉❧❛ q✉❡ ♠❡ ♠♦str❡✱ ♣♦r ❡①❡♠♣❧♦✱ ♦ ✶✵✵✵✵✵♦ ♥ú♠❡r♦ ♣r✐♠♦✳ P❛r❛ s❡ t❡r ✐❞❡✐❛

❞❡ ❝♦♠♦ é ❝❛ót✐❝❛ ❡ss❛ ❧✐st❛❣❡♠✱ ❡①✐st❡♠ s❛❧t♦s ❛r❜✐tr❛r✐❛♠❡♥t❡ ❣r❛♥❞❡s ♥❛ s❡q✉ê♥❝✐❛ ❞♦s

♥ú♠❡r♦s ♣r✐♠♦s✳

❆♦ t♦♠❛r♠♦s ❝♦♥❤❡❝✐♠❡♥t♦ ❞❛s ❞❡♠♦♥str❛çõ❡s ❞❛ ✐♥✜♥✐t✉❞❡ ❞♦s ♣r✐♠♦s ❛q✉✐ ❛♣r❡s❡♥t❛✲

❞❛s✱ ✈❡♠♦s q✉❡ ❛ ❧✐❣❛çã♦ ❞❛ ❚❡♦r✐❛ ❞♦s ◆ú♠❡r♦s ❝♦♠ ♦✉tr❛s ár❡❛s é ♠✉✐t♦ ❣r❛♥❞❡✳ ❆ ❢♦r♠❛

❝♦♠♦ ❝♦♥s❡❣✉❡✲s❡ ❞❡♠♦♥str❛r ♦ t❡♦r❡♠❛ s❡♠ q✉❡ s❡ ✉s❡ ❢❡rr❛♠❡♥t❛s ❛♣❡♥❛s ♥❛ ❚❡♦r✐❛ ❞♦

◆ú♠❡r♦s é ✉♠❛ ♣r♦✈❛ ❞❡ss❡ ❢❛t♦✳

❆ ♣r❡s❡♥t❡ ♠♦♥♦❣r❛✜❛ tr❛③ ✉♠❛ ♣♦❞❡r♦s❛ ❢❡rr❛♠❡♥t❛ ♣❛r❛ ♣r♦❢❡ss♦r❡s ❡ ❡st✉❞❛♥t❡s s❡

✐♥t❡✐r❛r❡♠ ❞❡ ✉♠❛ q✉❛♥t✐❞❛❞❡ r❛③♦á✈❡❧ ❞❡ ❞❡♠♦♥str❛çõ❡s✳ ❆❧é♠ ❞✐ss♦✱ ❡ss❡ tr❛❜❛❧❤♦ t❛♠❜é♠

s❡ t♦r♥❛ ❢❡rr❛♠❡♥t❛ ✐♠♣✉❧s✐♦♥❛❞♦r❛ ❞♦ ✐♥t❡r❡ss❡ ❞❡ ♥♦✈♦s ❡st✉❞✐♦s♦s ♥♦ ❝❛♠♣♦ ❞❛ ❚❡♦r✐❛ ❞♦s

◆ú♠❡r♦s✱ ♣♦r s❡ tr❛t❛r ❞❡ ❞❡♠♦♥str❛çõ❡s ♣♦✉❝♦ ❝♦♥❤❡❝✐❞❛s✱ ♠❛s ❞❡ ♣♦✉❝❛ ❝♦♠♣❧❡①✐❞❛❞❡✱ ❡♠

q✉❡ s❡ ❢❛③ ✉s♦✱ ❡♠ s✉❛ ♠❛✐♦r✐❛✱ ❞❡ r❡s✉❧t❛❞♦s ❝♦♥❤❡❝✐❞♦s ♣♦r ❣r❛❞✉❛♥❞♦s ❡♠ s✉❛ ❢❛s❡ ✜♥❛❧

❞❡ ✉♠ ❝✉rs♦ ❞❡ ♠❛t❡♠át✐❝❛✳

❆❧é♠ ❞✐ss♦✱ ❞❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ❢♦✐ ❢❡✐t♦ ❝♦♠ ❛ ✐♥✜♥✐t✉❞❡ ❞♦s ♥ú♠❡r♦s ♣r✐♠♦s✱ t❛♠❜é♠

♣♦❞❡rí❛♠♦s t❡r ❢❡✐t♦ ♦✉tr❛s ❞❡♠♦♥str❛çõ❡s ❞❡ ♦✉tr♦s r❡s✉❧t❛❞♦s✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ ♦ tã♦

✐♠♣♦rt❛♥t❡ ❆❧❣♦r✐t♠♦ ❞❡ ❊✉❝❧✐❞❡s✱ ♦✉ ♦ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❆r✐t♠ét✐❝❛✳

✹✾



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❉✉ ❙❛♥t♦②✱ ▼❛r❝✉s✳ ❆ ♠ús✐❝❛ ❞♦s ♥ú♠❡r♦s ♣r✐♠♦s✿ ❛ ❤✐stór✐❛ ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ♥ã♦
r❡s♦❧✈✐❞♦ ♥❛ ♠❛t❡♠át✐❝❛✳ 1 ❡❞✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ ❏♦r❣❡ ❩❛❤❛r✱ ✷✵✵✼✳

❬✷❪ ❊✉❝❧✐❞❡s✳ ❖s ❊❧❡♠❡♥t♦s✳ ❙ã♦ P❛✉❧♦✿ ❊❞✐t♦r❛ ❯◆❊❙P✱ ✷✵✵✾

❬✸❪ ●♦♥ç❛❧✈❡s✱ ❆✳ ■♥tr♦❞✉çã♦ à á❧❣❡❜r❛✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ ■▼P❆✱ ✷✵✵✵✳

❬✹❪ ▼❛rt✐♥❡③✱ ❋✳ ❇✳❀ ❚❡♦r✐❛ ❞♦s ♥ú♠❡r♦s✿ ✉♠ ♣❛ss❡✐♦ ❝♦♠ ♣r✐♠♦s ❡ ♦✉tr♦s ♥ú♠❡r♦s
❢❛♠✐❧✐❛r❡s ♣❡❧♦ ♠✉♥❞♦ ✐♥t❡✐r♦✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ ■▼P❆✱ ✷✵✶✶✳

❬✺❪ ▼❛rt✐♥✱ ❆✳ ●ü♥t❡r✱ ▼✳ ❩✳ ❑❛r❧✱ ❍✳ ❍✳ Pr♦♦❢s ❢r♦♠ ❚❍❊ ❇❖❖❑✳ 3 ❡❞✳ ❇❡r❧✐♥✿ ❙♣r✐♥❣❡r✱
✷✵✵✾✳

❬✻❪ ▼✉♥❦❡rs✱ ❏✳ ❘✳ ❚♦♣♦❧♦❣②✿ ❆ ✜rst ❝♦✉rs❡✳ 2 ❡❞✳ Pr❡♥❞✐❝❡ ❍❛❧❧ ■♥❝✳✱ ✶✾✼✺✳

❬✼❪ P✐♥❛s❝♦✱ ❏✳ P✳ ◆❡✇ Pr♦♦❢s ♦❢ ❊✉❝❧✐❞✬s ❛♥❞ ❊✉❧❡r✬s ❚❤❡♦r❡♠s✳ ❚❍❊ ▼❆❚❍❊▼❆❚■❈❆▲
❆❙❙❖❈■❆❚■❖◆ ❖❋ ❆▼❊❘■❈❆✱ ▼♦♥t❤❧② ✶✶✻✳ ♣✳ ✶✼✷ ✲ ✶✼✸✱ ✷✵✵✾✳

❬✽❪ ❙❛♥t♦s✱ ❏✳ P✳ ❉✳ ❖✳ ■♥tr♦❞✉çã♦ à t❡♦r✐❛ ❞♦s ♥ú♠❡r♦s✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ ■♠♣❛✱ ✷✵✶✶✳

❬✾❪ ❘✐❜❡♥❜♦✐♠✱ P✳ ◆ú♠❡r♦s Pr✐♠♦s✿ ❱❡❧❤♦s ♠✐stér✐♦s ❡ ♥♦✈♦s r❡❝♦r❞❡s✱ ✶ ❡❞✳ ❘✐♦ ❞❡
❏❛♥❡✐r♦✿ ■▼P❆✱ ✷✵✶✹✳

❬✶✵❪ ❙❛♠✱ ❙✳ ❱✳ ■♥✜♥✐t✉❞❡ ♦❢ ♣r✐♠❡s✳ ❉✐s♣♦♥í✈❡❧ ❡♠
❁❤tt♣✿✴✴♠❛t❤✳♠✐t✳❡❞✉✴∼ss❛♠✴✇r✐t✐♥❣s✴♣r✐♠❡s✳♣❞❢❃✳ ❆❝❡ss♦ ❡♠ ✵✷ ❞❡ ♠❛✐♦ ❞❡
✷✵✶✻✳

❬✶✶❪ ❱✐❡✐r❛✱ ❱✳ ▲✳ ➪❧❣❡❜r❛ ❛❜str❛t❛ ♣❛r❛ ❧✐❝❡♥❝✐❛t✉r❛✳ 2 ❡❞✳ ❈❛♠♣✐♥❛ ●r❛♥❞❡✿ ❊❉❯❊P❇✱ ✷✵✶✺✳

✺✵



✺✶

❬✶✷❪ ❱✐❡✐r❛✱ ❱✳ ▲✳ ❯♠ ❝✉rs♦ ❜ás✐❝♦ ❡♠ t❡♦r✐❛ ❞♦s ♥ú♠❡r♦s✳ 1 ❡❞✳ ❈❛♠♣✐♥❛ ●r❛♥❞❡✿ ❊❉❯❊P❇❀
❙ã♦ P❛✉❧♦✿ ▲✐✈r❛r✐❛ ❞❛ ❋ís✐❝❛✱ ✷✵✶✺✳
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